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Chapter 1

An Eye On The Known

Literature



1.1 Introduction

The review of literature is an indispensable part of every research work in any
discipline. In the present work, it has been endeavoured to go through the
renowned works of some eminent Mathematicians around the globe for the past

status of the work done on the subject and the work available on it.

The scope, variety and depth of special functions and their applications are
now awe-inspiring. Their rapid growth is not only in pure Mathematics and its
applications to the traditional fields of Physics, Engineering and Statistics but
also in new fields of applications like Behavioral Science, Optimization, Biology,

Environmental Science and Economics, etc. they are emerging.

The solution of many problems related to the various areas of Science (Theoret-
ical and Experimental Physics), Mathematical Analysis, Applied Mathematics
and Cybernetic Technology, etc. is reduced to the calculations of definite and in-
definite integrals or to the summation of series containing elementary and special

functions.

A special function is a real or complex valued function of one or more real
or complex variables which is specified so completely that its numerical values
could be tabulated in principle. Besides elementary functions such as z", e*,
¢n(z), and sin x, higher functions, both transcendental (such as Bessel functions)
and algebraic (such as various polynomials) functions come under the category
of special functions. In fact special functions are solutions of a wide class of
mathematically and physically relevant functional equations. As far as the origin
of special functions is concerned the special function of mathematical physics
arises in the solution of partial differential equations governing the behavior of

certain physical quantities.

Special functions have numerous applications in astronomy, trigonometric func-
tions which have been studied for over a thousand years. Even the series expan-
sions for sine and cosine, as well as the arc tangent were known for long time
ago from the fourteenth century. Since then the subject of special functions has

been continuously developed with contribution of several mathematicians includ-



ing Euler, Legendre, Laplace, Gauss, Kummer, Riemann and Ramanujan. The
discoveries of new special functions and applications of this kind of functions to
new areas of mathematics have initiated a great interest of this field in the past

several years.

In recent years, particular cases of long familiar special functions have been
clearly defined and applied as orthogonal polynomials. The adjective special is
used in this connection because here we are not, as in analysis, concerned with
the general properties of functions, but only with the properties of functions

which arise in the solution of special problems.

The study of special functions grew up with the calculus and is consequently one
of the oldest branches of analysis. It flourished in the nineteenth century as part
of the theory of complex variables. In the second half of the twentieth century it
has received a new impetus from a connection with Lie groups and a connection

with averages of elementary functions.

The history of special functions is closely tied to the problem of terrestrial and
celestial mechanics that were solved in the eighteenth and nineteenth centuries,
the boundary - value problems of electromagnetism and heat in the nineteenth,

and the eigenvalue problems of quantum mechanics in the twentieth.

Seventeenth-century England was the birthplace of special functions. John Wallis
at Oxford took two first steps towards the theory of the gamma function long
before Euler reached it. Euler found most of the major properties of the Gamma
functions around 1730. In 1772 Euler evaluated the Beta-function integral in
terms of the gamma function. Only the duplication and multiplication theorems
remained to be discovered by Legendre and Gauss, respectively, early in the next

century.

Generating functions play an important role in the investigation of various
useful properties of the sequences which they generate. The name generating
function was introduced by Laplace in 1812. Since then the theory of generating
functions has been developed into various directions and found wide applications

in various branches of science and technology.They are used as Z-transforms



in solving certain classes of difference equations which arise in a wide variety
of problems in Operation Research. Generating functions can also be used with
good effect for the determination of the asymptotic behaviour of the generated se-
quence {f,}5°, as n — oo by suitably adapting Darboux’s method.Furthermore,
the existence of a generating function for a sequence { f,,} of numbers or functions

may be useful for finding their infinite sum by summability methods.

A major development was the theory of hypergeometric series which began in a
systematic way (although some important results had been found by Euler and
Pfaff) with Gausss memoir on the oF} series in 1812, a memoir which was a
landmark also on the path towards rigour in mathematics. The 3F5 series was
studied by Clausen (1928) and the 1 F} series by Kummer (1836). The functions
which Bessel considered in his memoir of 1824 are oF) series; Bessel started
from a problem in orbital mechanics, but the functions have found a place in
every branch of mathematical physics, near the end of the century Appell (1880)
introduced hypergeometric functions of two variables, and Lauricella generalized

them to several variables in 1893.

This chapter attempts to give an introduction to the topic of study and brief
review of the contributions made by some of the earlier mathematicians in this
field. It will not be our endeavour to give a complete chronological overlook of
all the developments in this field but only those relevant to the present work will

be mentioned.

The present thesis is influenced by the work of Andrews [1], Bailey [2], Burchnall-
Chaundy [10], Carlitz [12-14], Carlson [15], Chandel [16], Chandel etal. [17],
Chhabra-Rusia [18], Erdélyi [21,22], Erdélyi etal. [23-27], Exton [28-42], Feld-
heim [43], Gauss [45], Gould [46,47], Gupta [49], Hai etal. [50], Horn [51-53],
Humbert [54,55], Kampé de Fériet [58], Karlsson [60-65], Khan, M. S. [66], Khan-
dekar [67], Kimmer [69], Lauricella [70], Manocha, B. L. [73], Manocha, H. L.
[74-75], Manocha-Sharma [76], Qureshi etal. [83], Rainville [84,85], Rice[86],
Saran [88-91], Schldfli [92], Sharma, B.L. [93], Sharma etal. [94,95], Slater [98§],
Srivastava, H. M. [99-110], Srivastava-Buschman [111,112], Srivastava-Daoust
[113,114], Srivastava-Exton [115], Srivastava-Karlsson [116], Srivastava-Manocha



[117], Srivastava-Panda [118], Srivastava-Singhal [119,120], Szego [121], Zeitlin
[126].

1.2 Gamma Function, Pochhammer Symbols and

Associated Results

Throughout the present work, we use the following standard notations:
N:={1,2,3,...}, Ng:={0,1,2,3,...} =NU{0} and Z~ :={—-1,-2,-3,...} =
Zy \{0}-

Here, as usual, Z denotes the set of integers, R denotes the set of real numbers,

R* denotes the set of positive real numbers and C denotes the set of complex

numbers.

The Gamma Function:
The Gamma function, introduced by Euler in 1720 when he solved the problem

of extending the factorial function to all real or complex numbers, is defined as
'(z) = /OO e '* 1 dt, R(z) >0 (1.2.1)
0
Using (1.2.1), simple integration by parts, we get a recurrence relation
N(z+1)=2T(z) (1.2.2)
From (1.2.2), we get another useful result
I'n+1) = n! n=0,1,2,3,... (1.2.3)

Therefore Gamma function is the generalization of factorial function. The Gamma

function has several equivalent definitions, most of which are due to Euler.

Euler’s Infinite Product:

Euler’s infinite product is defined as

I(z) = %ﬁ{(u%) (1+§>_1} (1.2.4)

5



Weierstrass Infinite Product:

1 = z 2
— 5 PV 1 _> *z} 1.2.5
['(2) = e H {( * n/¢ ( )
where v =Euler-Mascheroni constant = 0.577215664901532860606512
. 1 1 1
—y=T1'(1) = / e In(t)dt (1.2.7)
0

Gauss’s Limit Formula:

r(z) = 1 n! n*
z) = lim ;
n—o0 2(z+1)(z+2)...(2+n)’

240,-1,-2,... (1.2.8)

If 2=0,—1,-2,... then |T'(2)| = co or equivalently — 0

T —
Reflection Formula of Gamma Function:
T
'zl —-z2) = = —zI'(x)'(- 1.2.

(B0 =2) = i =~ TE0(-2) (1:29)
where z #£ 0, +1,4+2,.. ..
Gauss Function:

[(z) =T(z+1) (1.2.10)

The Pochhammer Symbol:
The Pochhammer symbol (or the shifted factorial) (A), (A, v € C) is defined, in
terms of the familiar Gamma function, by

Ay = fh+y) )t =02 € CAOY) (1.2.11)

I'(A) AA+1)...(A+n—1) (v=neN;AeC)

it is being understood conventionally that (0)g = 1 and assumed tacitly that
the Gamma quotient exists.

Algebraic properties of Pochhammer’s symbol

(a)prq = (a)pla+p)g = (a)g(a+q), (1.2.12)

—_1)*
(b)_k: ( ) (b%O,:I:l,:I:2,:I:3,... and k::1,2,3,...) (1.2.13)




(n—k)! = ( T (0<k<n) (1.2.14)
(=k)p = (=1)* K! (1.2.15)
(=) E;l_):k?: :m €N (1.2.16)

[%] -n —n+1 —n —n+l
(T)k k('TjL)k(_m)k —, Fy 2 2 R (1.2.17)
;0 (QR(Z(ﬁ)Z)_!k - M(;)ﬁb)n;” =0 (1.2.18)

<”) = (r)!ég)i i (—1)(;()!—7%)7«7 (0<r<n) (1.2.19)

Gauss’s Multiplication Theorem for the Product of Gamma Functions:

85, p.26 Th. 10; 117, p.23 (27)]

[(mz) = (2m) = m™"0(2)0 (z + %) r (z + %) T <z + mT_l)

where m = 1,2,3,... and mz € C\Z, .

Gauss’s Multiplication Theorem for the Product of Pochhammer Sym-

bols: [117, p.23(26)]

(A)mn = mm”ﬁ (%) (1.2.21)

n

where n =0,1,2,3,...,m=1,2,3,...

In particular, we have

(2n)! = 2°" (%) n! and (2n+1)! =2*" (g) n! (1.2.22)

n

Legendre’s Duplication Formula:

V() [(22) = 22=-D7(2)T (z + %) (1.2.23)



where 2z € C\Z,

Triplication Formula:
! 2
or T(32) = 3(372)1(2)0 (z + —) T <z + —> (1.2.24)

where 3z € C\Z,

Psi Function (Digamma Function):

F/
P(z) = F((ZZ)) (1.2.25)
. n" T (a+n)
o Sy 1220
Polygamma Functions:
V() = () (1.227)
dzm™

1.3 Ordinary Generalized Hypergeometric Func-

tion of One Variable

A series which was beyond the ordinary geometric series
l+2+224+2°+... (1.3.1)

is called hypergeometric series. John Wallis first used this term in (1655), in his

work “ Arithmetica Infinitorum”. In particular, he studied the series
l+a+ala+1)+ala+1)(a+2)+... (1.3.2)

After J. Wallis, many other mathematicians studied the same series, notably
the Swiss Mathematician L. Euler and others but it was C.F. Gauss, a famous
German Mathematician who in (1812) studied the infinite series which is the

generalization of the elementary geometric series and popularly known as Gauss



hypergeometric series.

In the Gaussian hypergeometric series oF(a,b;c; z) ,there are two numerator
parameters a,b and one denominator parameter c. A natural generalization of
this series is accomplished by introducing any arbitrary number of numerator

and denominator parameters.

1.3.1 Power Series Form and Convergence Conditions

The generalized hypergeometric function of one variable with p numerator pa-

rameters and ¢ denominator parameters is defined by [117, p.42(1)]

Oy, Qlyy ey QL (o), (aQ)n...(ap)n
51,52,...7/3q; 2 (B1)n(ﬁz)n</6q)n

:qu (041,062,...,041);61”32...,/BQ;Z)

Z?’L
n!

(1.3.3)

where (), is the pochhammer symbol defined by equation (1.2.11). Here p

and ¢ are positive integers or zero (interpreting an empty product as 1), and

we assume that the variable z, the numerator parameters a,, a,, ..., a, and the
denominator parameters 3,3, ..., 3, take on complex values, provided that
B #0,-1,-2,...; j=1,2,...,¢q (1.3.4)

Series (1.3.3) is a non-terminating series and also known as the generalized Gauss
series, or simply, the generalized hypergeometric series. Supposing that none of
the numerator parameters is zero or a negative integer (otherwise the question of
convergence will not arise), and with the usual restriction (1.3.4), the ,F, series
in the definition (1.3.3)

(i) converges for |z| < oo if p < g,

(ii) converges for |z| < 1,if p=¢q+ 1,

(iii) diverges for all z, 2 # 0, if p > g + 1.
Furthermore, if we set
q p
w=Y B> aj (1.3.5)
j=1 j=1

It is known that the , [, series, with p = ¢ + 1, is
(I) absolutely convergent for |z| = 1, if ®(w) > 0,

9



(IT) conditionally convergent for |z| =1, |z] # 1, if —1 < R(w) <0,
(III)  divergent for |z| = 1, if R(w) < —1.

The Gauss hypergeometric function [117, p.29 (1.2.4)] is defined by the power

series

oFifa, by c; 2] = Z mzz)(b)ni—?:, (lz] <1; a,b,c#0,—1,-2,...) (1.3.6)
n=0 n ’

When a = —p (p being a positive integer) then we get a hypergeometric polyno-

mial in terminating form

- (=p)a(b)n 2"
o Fi[—p,b;c; 2] = Ol (b,e #0,-1,-2,...) (1.3.7)
Cln
n=0
When @ = —p and b = —q (p, ¢ being positive integers) then we obtain a

hypergeometric polynomial in another terminating form

e e Y ) M PN i
2 1[_pa_Q7caz]_ Z —H’ (C# 7_7_7“') ()

n=0
1.3.2 Results of Generalized Hypergeometric Function:

Gauss’s Summation Theorem: [85, p.49 (Th. 18)]

a, b; _ I(e)I'(c—a—b)
oI 1| = (e —a)T(c—b)’ (1.3.9)

where Re(c—a—0b) >0and ¢ #0,—1,-2,...

Binomial Theorem:

In terms of hypergeometric function

o a; ¢
U I o t| = Z@‘)”E L, <1 (1.3.10)
] n=0
" — —n,; 0 ifn 7é 0
( ;)’“ = F 1| = (1.3.11)
P ; 1 ifn=0

here n is a positive integer.

Kummer’s series:- An important special case is obtained taking p = ¢ =1 in

10



equation (1.3.3), the equation (1.3.3) reduces to the confluent hypergeometric

series 1 F} named as Kummer’s series given by
(@), 2
Fi(a;8;2) = o,
141 y M
(@552 =2 Gy
Saalschiitz’ summation theorem for terminating series [85,p.87 Th.29]

(C—A)N(C—B)y
(C)v(C = A= DB)y
where (C+D)—(—N+ A+ B)=1, and N is a non-negative integer.

n

(1.3.12)

n=0

3F2(_N,A,B,C,D,1>:

(1.3.13)

A B, C ; —A), —
B, . (1+B—-A),I'1-C)I'(1+ B) (1.3.14)
A—n,B+1; (1-A)I'(1+B-C0C)

Re(C) < (1 —n)

1.4 Fox-Wright Generalized Hypergeometric Func-

tion of One Variable

In 1933, E. M. Wright defined a more interesting generalized hypergeometric
function of one variable [116, p.21(1.2.38, 1.2.40); 117, pp. 50-51(1.5.21), p.179
(34iii), p.395 (23)] and further generalizations of the series ,F;, were given by
Fox[44] and Wright [124, p.287; 125].

(a1, A1), ..oy (ap, Ap); N f: I'(ag + Ain)l(ag + Agn) ... T'(a, + Apn) 2"

p=q (61’B1)7,,,’(ﬁq7Bq); o p— F(ﬁl—i—Bln)F(ﬁQ—i—BQn)F(ﬁq+Bqn) n'
1, p (1-0&1,141), S (1—Oép,Ap)
- Hp7q+1 —z
(0’ 1)(1 - 617 Bl>7 ) (1 - qu Bq)
(1.4.1)
where the coefficients Ay, Ay, ..., Ay, By, By, ..., B, are positive numbers and
1, Qg -y Qp, B, Ba, .., By are complex parameters. The function HJP" was

given by C. Fox [44] in 1961 and Braaksma [3, p.278] gave the convergence

condition.
* ((Oé A ))7 * (a17A1)7"'7(a ;A )7 = (al)nAl"'(aP)nAp 2"
p\I’q AR oA B R AN Z =

Bo B | " | BuBY.... (B By); 2t (B g - Badug,

11



The Fox’s H-function on the RHS of (1.4.1) makes sense when either
S=1+B1+By+...+B) — (A4 +A+...+4,)>0

and

0<|z|<o0; 2#0

The equality holds only for suitably constrained values of |z| or appropriately

bounded || d.e. § =0and0 < |z| < R= A, A, .. A, BB, B

p
[Ty
(Oq? 1)7 ) (apv 1)7 j=1 anq, y Qs
U, - = JF, 2 (1.4.3)

Relation between Wright’s Function and Fox-Wright’s Hypergeomet-
ric Function[117,p.395, Q.23; p.50, Q.21]

(OélaAl)a 7(&1”7147“)7 7j=1 (0517141)7 7(araAr>a
-\ z| == MU z
(617-81)7 7(657Bs)7 HF(CLJ) (617B1)7 7(/85738)7
j=1

(1.4.4)
Where Ay,..., A, By,..., B, are greater than zero; 1+ By + ...+ B, — (41 +
...+ A;) > 0.The equality holds only for suitably constrained values of |z|.

1.5 Truncated Ordinary Hypergeometric Series

The truncated generalized Gaussian hypergeometric function of one variable is

defined by:

mIh (an); y| to (i +1) terms =, F, (@) y| = l M (1.5.1)

(ba); () | s o)l M
where the suffix ¢ indicates that only first (i + 1) terms of the F' series are to
be included in the expansion [13, p.437; 71, pp. 349-350; 72, p. 394(2); 80,
p. 792; 81, p.430; 98, pp.83-84 (2.6.1.1, 2.6.1.7, 2.6.1.9)] and (h,) represents

the array of r parameters given by hy, ho, ..., h.;[(h)], means the product of r

Pochhammer’s symbols (h1),(h2),, - - - (h),-

12



1.6 Appell’s Double Hypergeometric Functions

The Appell’s double hypergeometric function of first kind Fy [37, p.23 (1.4.1);
117, p.53 (4)] is given by

) _ - (@)iman(D)m(C)n 2™ Y"
Fl[a’ba G d,l’,y] - § (d)m+n Wﬁ (161)
m,n=0
00 (a)m(b)m a—+m,c; m
Fl[a7bvc;d;x>y]: 2F1 Yy ma${|$|a|y|}< 1
P IR b

(1.6.2)
The Appell’s double hypergeometric function of second kind F, [117, p.53 (5)]

= (@)min(D)m(c)n 2™ yn
FQ[CL,b,C; dvgu'ray] = Z_O (+> (g N m| TL' (163)
2. (@) (D) a+m,c; m
FQ[a,b,C;d,g;lL',y]:Z%gFl Yy W {|$|+|y|}<1
m=0 m g ; )
(1.6.4)
The Appell’s double hypergeometric function of third kind Fs [117, p.53 (6)]
- (@) (b)n(C)m(d)n 2™ y"
FS[aa b7 ¢, d;g;x,y] = Z_O (g)m+n ﬁm (165)
2. (@) (C)m b, d; z™
Rlaboe g = 3 OO, y| T el ) <1
m=o \JIm g+m;
(1.6.6)
The Appell’s function of fourth kind Fy [117, p.53, (7)] is defined by
- (@)mtn(D)myn T™ y
Fyla,b;c,d; = T 1.6.7
4[@, G, Q5 T, y] m;Q (C)m<d)n m‘ ’n,' ( )
o @0 a+m,b+m; | g™
F4[a,b, C,d,ﬂ?,y] = ZWQFI p . Yy % (168)

m=0 )

’ZL’|+ |y‘ < 17 CL,b,C,d%O,—l,—2,)

When a = —r (r being a positive intger) then we have Appell’s polynomial of
fourth kind

m+n<r
")t

Fyl-ribie syl = ) =

m,n=0

(77)1 722))m+n7;;?7{:7 (b,C,d#07_17_27”')

(1.6.9)
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1.7 Humbert’s Double Hypergeometric Func-

tions

Seven confluent forms of four Appell functions were defined in 1920 by P. Hum-
bert [55]; see also [117, p.58 (36), (37), (40), (41), (42), (43), (44)]

o0

(@)r+s(b)r 2"y
Dy [a, b;c; = g — 1.7.1
1[@, 707177y] = (C)r+s rl gl ( )
where |z] <1, |yl < o0
(b>r() z"y°
Dy[b, ¢; d; = E 1.7.2
Q[acv 7$7y] ~ (d)+ ’f" 8' ( )
where |z| < 00, |y] < o0
o0 (b)r x" ys
O4(b; d; = E —= 1.7.3
3[ ) ,fL‘,y] = (d)r-l,-s rl gl ( )
where |z] < 00,  |y| < 0.

+s(b)r 2" y°

\Ijl[aa b) ¢, d,x,y] = Z (a)

T 2 1.7.4
= (0)i(d)s 1! 8! ( )
where |z| <1, |y| < oc.
S (@)rts 2"y’
Uylas e, d;x,y] = Z —= (1.7.5)
= (0)r(d)s ! s
where |z] < 00,  |y| < oc.
= (@) (b)s(c)r 27y
E4a, b, ¢; d; = e 1.7.6
1[017 , C§ ,x,y} r;() (d)r-l,-s rl gl ( )
where |z| <1, |y| < oc.
- — (@) (b)r 2"y
=la, b; ¢ = 1.7.7
Q[Cla ,C,ﬂf,y] r;() (c)r+s T' S‘ ( )
where |z| <1, |y| < oc.
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1.8 Kampé de Fériet’s Double Hypergeometric

Functions

Kampé de Fériet’s double hypergeometric function of higher order in the modified
notation of Srivastava and Panda [118, pp. 423(26), 424(27)], is given by

Pk (ap) : (bg); (di) ; Z iy paley o oy s
T @) (em): (hnL o 1 m n rl sl
H(gz)r-i- H(€i>7" H(hl)
=1 =1 i=1
where (a,) abbreviates the array of p parameters given by ai,as,...,a, with

similar interpretations for (b,), (dx) et cetera and for convergence of double hy-
pergeometric series(1.8.1), we have

(p+g<j+m+Lp+k<j+n+1,|z] <ooand |yl <ooor
(i)p+qg=j+m+1,p+k=75+n+1, and

\x!ﬁ+]y\ﬁ<1 if p>j
max{|z|, [yl} <1, if p<j

The Appell’s double hypergeometric functions Fy, F,, F3 and Fj [23, p.224
(5.7.1.6,....,5.7.1.9)] are denoted by F11::01;;01’ Folfll;;ll, F{{}i}? and Fozflo;f respectively.

1.9 Exton’s Double Hypergeometric Functions

In 1979, Exton [39, p.339(13)] defined the following double hypergeometric func-
tion
B CiD (aa) : (bp); (co); (dp) ;

BEMN ) (g0 mar)s ()i

(1.9.1)

B Z Vair; [(08)];; [(co)l; [(dp)]; aty?

5 lem)loiy; [(96)liy; [(man); [(nw)]; 2! 7!
Making suitable adjustments in the numbers of numerator and denominator pa-
rameters of (1.9.1), we obtain Kampé de Fériet double hypergeometric function
[118, p.423 (26)] given by Fgﬁ% = %82?/1)\,, an additional double hypergeo-

metric function of Exton [41, p.137 (1.2)] given by ng\(’;?v = %‘é%ﬁ%, Appell’s
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four double hypergeometric functions [23, p.224 (6,7,8,9)] Fy, F», F3, Fy. Hum-
bert’s double hypergeometric functions [23, pp.225-226 (20,21,22,23,24,25,26);
see also 37; 116] ®, &y, B3, ¥y, ¥y, By, E, Horn’s non-confluent double hyper-
geometric functions [23, p.225 (15,16)] Hs and H, and its confluent double hy-
pergeometric functions [23, p.226 (34,35); see also 52| Hg and Hy respectively.

In 1982, Exton [41, p.137 (1.2)] defined the following double hypergeometric

series

app | (04) (0s)ildp)i 1 S [(@)lyney [(08)] (D)), 27 "
S (er) : (96); (hu); Y m,Zn;O ((€8)omn [(96) ] [, ot it
(1.9.2)

which is the generalization and unification of Horn’s non-confluent double hyper-
geometric function[23, p.225 (16); see also 51; 52; 53] Hy and Horn’s confluent

double hypergeometric function [23, p.226 (35); see also 53] Hy.

In 1984, Exton [42, p.113 (1.2)] defined the double hypergeometric series of sec-
ond order. The series is quite similar to one obtained by Kampé de Fériet in the
year 1921 and is a generalization of Horn’s non-confluent double hypergeometric
functions Go, Hy [23, pp.224-225 (11,14)] and confluent hypergeometric functions
I'\.T'9, Hy, Hs, Hy, Hs and Hy; 23, pp.226-227 (27,28,30,31,32,33,39)].

wap [ @) 0 | & (@l (08, [(@0)], 27
Crc (e5) : (90); (har): m;:O (€8] [(96)], [(hrr)],, ml )
(1.9.3)

where (a4) and [(a4)],,_,, are defined in the same way as in the preceding section

with similar interpretations for others.

1.10 Srivastava’s General Triple Hypergeomet-

ric Functions F©)

Triple hypergeometric function F'®) of Srivastava [103, p.428] is the unification
and generalization of fourteen Lauricella’s hypergeometric functions [70, pp.113-

114, p.150] Ff), F ég), Fg’), F 1(73) including Saran’s ten triple hypergeometric
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functions [91, pp.293-294 (2.1,2.2,...,2.10); see also 60; 88; 89; 90] Fg, FF,
Fq, Fg, Fyr, Fy, Fp, Fr, Fs, Fr, three additional functions H,, Hg, Hc of
Srivastava [104, pp.99-100; see also 99; 100; 101; 102], Confluent triple hypergeo-
metric functions of Jain [56, p.396] and Exton [28, pp.80-81], extended definition
of Saran’s function Fj given by Sharma [93, p.613 (2)], Schlafli’s function [92],
Mayr’s function [77, p.265], Manocha’s function [73, p.86; see also 117, p.280
(29)] @3, Erdélyi’s function [117, p.222 (19); see also 22] &), Erdélyi’s function
21, p.446 (7.2); see also 22] &Y, Humbert’s function [54, p.429; see also 119,
p.356 (7)] U{¥, Gupta’s function [49, p.169 (3.1); see also 117, p.240 (8); 108,
p.401 (12)] Vg, Exton’s functions [37, p.43 (2.1.1.4,2.1.1.5)] <I>:(33), 51 , Carlson’s
function of three variables [15, p.453 (2.1)] R, Srivastava-Exton function [115,
p.373 (12,13)] @g), Appell’s functions Fy, Fy, F3, Fy, Humbert’s confluent func-
tions @, Py, P, Uy, Uy, 21, By, Kampé de Fériet’s function [58] FAS in the
notation of Burchnall and Chaundy [10, p.112], generalized Kampé de Fériet
function F égg in the slightly modified notation of Srivastava and Panda, Ex-
ton’s function [37, p.89 (3.4.1,3.4.2)] E ))Eg’), E;?Eg), Chandel’s function [16,
p.120 (2.3); see also 17] | K)E( )| generalized hypergeometric function of one vari-
able [98, p.41 (2.1.1.3)] 4Fp, Gauss ordinary hypergeometric function [45] o F7,
Kiimmer’s confluent hypergeometric function [69] | F, Bessel function [117, p.37
(9)] oF1, Exponential function [117, p.37 (10)] ¢Fp and Binomial function [117,

p.44 (8)] 1 Fy ete. Triple series F® is given by:

(aa) = (bp); (dp); (ep) : (g )(hH)

F® Y, 2

(mar) = (nn); (pp); (g@) : (Tr); (Ss

z+]+k [(bB)]H-j [(dD>]j+k [(eE)]k-H [( G’)] [( ] lL) k T’
_ Z I =

ol ]Hﬁk[(mv)]iﬂ-[(pp)]ﬂk[(m)]m[( r)]; [(ss)]; [(tr) _'k"

(1.10.1)
where (a4 ) represents the array of A parameters given by ajas . .. a4 and [(aa)]itjtx
represents the (a1)i+j+k(a2)itjtk - - - (@4)itj+x with similar interpretations for oth-

ers.

The triple hypergeometric series F'®) is convergent (66, pp.32-33; 18, p.156; 20,
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p.40; 117, p.70 (41)], when

p

M+N+Q+R>A+B+E+G

M+N+P+S>A+B+D+H

M+P+Q+T>A+D+FE+L
\

or equivalently

1+M+N+Q+R-—A—B—-E-G>0

1+M+N+P+S—A—-B—-D—-H>0

1+ M+P+Q+T—-A-D—-E—-L>0
\

where A, B, D, E, etc. are the non-negative integers and |z| < 1, |y| < 1 and

|z| < 1; but in case

(

1+ M+N+Q+R=A+B+E+G

l1+M+N+P+S=A+B+D+H

1+ M+P+Q+T=A+D+E+L
\

then |z|, |y| and |z| are to be restricted in such a way that the series involved,

are either terminating or convergent.

1.11 Multi-Variable Extension of Kampé de Fériet’s
Functions

The multi-variable extension of Kampé de Fériet function is given in the form

[113; see also 117, pp. 65-66]

(ap) : (OX); .5 (5,

FPZQU‘D?---?%L
£:my;ma;...;mn L1y Tp

o0 s1 Sn
= Y Alses) (1.11.1)

$1! Sp!
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p q1 qn

TT(a)ssoces, TTOM s - TS5,

A(s1,. oo 80) = 2 i? ii
1 n
[T osss, JTB)sr - T8
Jj=1 j=1 J=1

and, for convergence of the multiple hypergeometric series in (1.11.1),
1+404+m—p—q. =0, k=1,...,n;

the equality holds when, in addition, either
p>{ and \x1]ﬁ+...+]xn]ﬁ<1

or

p={¢ and  max{|r|,...,|z.|} <1

1.12 Srivastava-Daoust Multi-Variable Hyper-

geometric Functions

A further generalization of the Kampé de Fériet function is due to Srivastava
and Daoust who indeed, defined an extension of Wright’s ,1, function in two
variables. More generally recalling here the following extension of the Wright'’s
function ,1, in several variables, which is referred in the literature as the gen-
eralized Lauricella function of several variables, it is also due to Srivastava and

Daoust [113, p.454].

[(a) : 00, . 0] [(bD) - D5 . 5[(b™) = p™)];

C : D H D) Zlyeo- ,Zn
[(c) : @, M [(dD) D5 . 5[(d™) : 6™
o0 Zml Z:lnn
= ) Qm,..., mn)n;! e (1.12.1)
MY yneny myp=0

where, for convenience,

A B B()
(1) (n)
H 9(1)+ +mn9j(-n) H(bJ )m1¢§~1) o H (b] )mnd);n)
ey i=1 =1
Qmy, ..., my) = o 30 )
1 (n)
H ¢;) m1gp ) o tmp ™) H d mlf%(-l) o H(dj )mn‘sg'")
j=1 i=1 =1 .
(1.12.2)
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the coeflicients

0 5= 1 Ase =1, BO =1 0

0 D g (1.12.3)
=1 ; e{l,...,n}
are real and positive, and (a) abbreviates the array of A parameters ay, . .., a4, (b*)
abbreviates the array of B*) parameters

b j=1,...,BW:Y &k e{1,...,n}
with similar interpretations for (c) and (d®)),k = 1,...,n; et cetera. For the

precise conditions under with the multiple hypergeometric series in (1.12.1) con-

verges absolutely [see 114, pp. 157 — 158; see also 50].

1.13 Transformation and Reduction Formulae

For transformations and reduction formulae of multiple hypergeometric functions
and product theorems of hypergeometric functions, we refer the monographs and
research papers [1, 2, 23, 85, 98, 117].
Pfaff Kummer Linear Transformation:

o B I R e (1.13.1)

C 3 c

c#0,—-1,-2,..., larg(1 —1t) < 7|
Euler’s Linear Transformation:

If |2] < 1;|3%| < Lilarg(l — z)| <7, c#0,—1,-2,-3,.. ., then

1—2

a, b; b c—a,c—b;
2F1 Z| = (1 - Z)C_a_ 2F1 z (1132)
C ;3 c 3
Kummer’s I Transformation:
a; c—a;
1F1 t| = €t1F1 —t (1133)
G, c
where ¢ # 0, —1,—2,...
Kummer’s II Transformation:
a; S
1F1 2t = GtoFl —_ (1134)
2a; a+ % X 4
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where 2a is not an odd integer < 0 i.e. 2a # —1,—3,—5,...
Whipple Quadratic Transformation: [1, p.130, (3.1.15)]

Cl,b , € ) 27w71+a_b_c; 4t
3Fo t| = (1-t)"" v o 2
l4a—-0, 14+a—c l+a—-b, 1+a—c; (1—-1)
(1.13.5)

Some other results:

2
a, B 20, 28 ,a+ B

2F1 z == 3F2 z (1136)
a+ B+ 3; 200+ 23, 4 B + 5
a, ; a, ; 2a, 260, a+ ;
o 6 z| o) z| =3k 5 6 z
a+ -3 a+f+3; 20428 —1L,a+ B +3;
(1.13.7)
a, ; a, -1 ; 2, 286 —1 , a4+ —1;
2F1 z 2F1 6 z :3F2 5 5 z
a+pf—3; a+ -3 20+28—2,a+ 3 —3;
(1.13.8)
«, ; l_aal_ ; o — +l7 _a—l—l)la
o g z| oF) 2 2 4 2| =3k g 2 B 202 z
a+ B+ g s—a=8 at+ftgy—a-8
(1.13.9)
«, ’ a+l76+l7 =1 20[, 26705—’_5 ;
o F7 . 2 I 2 . Y2l =(1-2)7 35 :
a+ B+ 3; a+pf+35 ; 200+ 2B, a + B+ 3;
(1.13.10)

1.14 Multiple Series Identities

Series Rearrangement Technique:
The technique described and illustrated in the thesis is based, in part, upon

certain interchanges of the order of a double (or multiple) summation. Such
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rearrangement of terms in iterated finite series can be justified in the elementary

sense when, for example, the series involved are absolutely convergent. Thus the

identities contained in lemmas 1, 2, 3, 4, 5 and 6 below may be considered as

purely formal.

LEMMA 1 A .
SO Alkn) =)  Alk,n— k)
n=0 k=0 n=0 k=0

and . o
> > B(k,n)=) > Blkn+k)
n=0 0 n=0 k=0

LEMMA 2 ]
iifl(k,n) = f: 2 A(k,n — 2k)
n=0 k=0 n=0 k=0

and

where, and in what follows, [z] denotes the greatest integer in x.

[e=]

B(k,n) = i i B(k,n + 2k)

LEMMA 3 For any positive integer m,

WE

3

and

e

|
<)
e
I

WE

Bl
I MS\:

[]

3z

WE

A(k,n) = A(k,n —mk)

0

i
o
B
Il

iiB k,n+ mk)

n=0 k=0

(1.14.1)

(1.14.2)

(1.14.3)

(1.14.4)

(1.14.5)

(1.14.6)

For m = 1, Lemma 3 evidently reduces to Lemma 1, while a special case of

Lemma 3 when m = 2 is precisely Lemma 2. These special cases of Lemma 3

were stated and proved by [85, p.56 sec. 37].

LEMMA 4 Multiple Series Identities: [117, p.102 (16);(17)]

YOS bk ks,

k1=0 k2=0 km=0

2

n=0

kl +k‘2+---+kf'm STL

>y

]{31,]62 7777 km=0

n=0

[e.9]

2

n=0

3

[

)

gb(n—kl—kg—

kitko+..+km<n

> o kl,kQ,...,km)>

k1,k2,..., km=0
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n=0

k1=0k2=0  kp=0
LEMMA 5 Finite Double Series Identity: [117, p.103, (2.1.18)]

p [l p [
> B(k,n)=Y_ > B(kn+mk) (1.14.9)
n=0 k=0 n=0 k=0
where, and in what follows, [z] denotes the greatest integer in x.
> D Bls,r)=>_> B(s,s+r) (1.14.10)
r=0 s=0 r=0 s=0

LEMMA 6 Series Identity: [117, p.214 Q.§]

00 M-1N-1 oo
> U(m,n) = > W(mM + j,nN + k) (1.14.11)
m,n=0 j=0 k=0 m,n=0

> A@2nm + j,2q + 1) (1.14.12)

i@(m) = i@@m) + i@@m—i—l) (1.14.13)

Z Z U(m,n) = Z Z U(2m,2n) + Z Z U(2m,2n+ 1)
+iiﬁ!@m%—lﬂn)+ii\ﬂ(2m+1,2n+1) (1.14.14)

Few More gurrImation Propertiest !
m > n, > (=n)u(=k)me(k) =0 (1.14.15)
n>m, Z(—n)k(—k)mgzﬁ(k) = ; (=) grm(—k —m)no(k +m) (1.14.16)
k=0 k=0

n=m, S (=n)(—k)as(k) = [(=1)" nl] 6(n) (1.14.17)



Z F(k,n —mk) Z F(k —mn,n)
n=0 k=0 k=0 n=0
o [2] )
> Fkyn—mk+k)=> Y F(k—mnn—mn+k)
n=0 k=0 k=0 n=0
o [m] oo [
Z F(k Z F(k —mn,n — m?n + mk)
n=0 k=0 k=0 n=0
2] o [4]
S Flhn k)= 303" Flk - g+ (p— )0 - qn)
n=0 k=0 k=0 n=

where p, q and r are mtegers, p>1,¢g> 1andr > 0.

(1.14.18)

(1.14.19)

(1.14.20)

(1.14.21)

(1.14.22)

1.15 Some Hypergeometric Polynomials, their

Relationships and Generating Relations

1.15.1 Generalized Laguerre Polynomials of One Variable

Generalized Laguerre polynomials of one variable Lg{l)(x) possess the following

generating relation [85, p.130]

e gla(
2 [ra)

n=

o (= 1+ a;—

Laguerre Polynomial [117, p.131 (2.5.1)]

2z
L9(z) = lim {P(a"g) <1 - —)}

A generating relation [27, p.249 (19.7.1)] is given by

tm—‘rn

)re” Zx (m—l—n)

n=—m
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Generalization of the generating function [117, p.250] is given by
- n—m " (t - $)m
n=0

1.15.2 Classical Jacobi Polynomial of One Variable

The Jacobi’s polynomials P\*") (x) [85, p.254 (1)] are given by

1 n —n,14+a+8+n; 1—
PP (z) = ﬂﬂﬁl b i - (=1)"PP) (—x)
(1.15.5)
The Laguerre’s polynomials L (x) [85, p.200 (1)] are given by
2 1 n -n
lim Pl (1 — —x) = L®(z) = ﬂlﬂ x (1.15.6)

A transformation for Jacobi polynomial [121, p. 64 (4.22.1)] is given by

1—z\" r+3
Pd) (3 — pl-a-p-m-1p) (TH3 1.15.7
1—z\" r+3
plas—n) _ pl-a=pf—n—-1,6-n) 1.15.8
o) = (15) n — (1158)
1+z\" 3—x
Plas) (1) — plo—a—p-om-1) (277 1.15.9

1.15.3 Chebyshev (Tchebycheff) Polynomials of I and II
Kind [24, p.186(24), (25)]

-n, n ;1-—t

T, (t) = cos[n{cos ' (t)}] = 2 F} e (1.15.10)
_sinf(n £ Dfeos ()] _ —non2s1-t
Un(t) = =) = (n+1) o F} ; 3 (1.15.11)

Tchebycheff Polynomials of I and I Kind [85, p.301 (1,2,3,4); see also 117, p.36]

is given by

3 (2) (1.15.12)



Un(z) = (néi)lﬂgéé)(x) (1.15.13)

(1 -2zt +2) 7" = i Uy ()" (1.15.14)
iTn(x)t” = (1 —at)(1 — 2wt + 31 (1.15.15)
i Up()t" = (1= 2at + %) " (1.15.16)

1.15.4 Gegenbauer Polynomials and their Special Case

(n+2y—1) (V—l V—l)
Ch(z) = —=CF 7 *(2)
7
_I(n+2v) nll(v+3) P<”‘%’”‘%)(2) (1.15.17)
n! T'(2v) F(n + v+ %) "
2 v—3ip-1
_ ( V)ln Pn( 2 2)(2)
(v + §)n
Gegenbauer Polynomial [117, p.137 (5)] is defined as
2a), A(2;—n); 22 -1
co(py = 2 n (2 =n); z (1.15.18)
2 Y
Gegenbauer Polynomial [85, p.280 (19)]
3 (), (22)" | =575 1
- 2 !
22\ [ _E’ L"‘l; 1
oy = Do) | =373 _] (1520
: 1l—v—mn
(1= 2at+£2)™" => Cha)t" (1.15.21)
n=0
(12t +13)72 =Y By(a)t" (1.15.22)
n=0
Gegenbauer or Ultraspherical polynomials [121, p.81 (4.7.1)]
27/)71 (ll*l,llfl) 1
PO () — | Pl () — v ). - 1.15.2
) = | @ =Ciay vy (L1529
-1
Pl () = (O‘ + ”) <20‘ + ”) ot () (1.15.24)
n n
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PO (1) = Cf () = P2 (x) = Pu(a) (1.15.25)
Un(x) = CL(z) = PW(x) (1.15.26)

A generating relation for Gegenbauer polynomial [85, p.278 (7)] is given by

— 5222 =1 -3 — 5 (22 —-1
€It0F1 —( 1 ) = OF(] xt 0F1 —( 1 )
V3 —; v+3;
= O¥(x)t"
= n 1.15.27
2, (1.15.27)
n=0

f: 22;” Cox)t" = I [/\; a, o (x4 \/ﬁ)t, (x — Va? — 1)t] (1.15.28)

n=0
1.15.5 Rice and Khandekar Polynomials of One Variable

In the endeavor of attempting to unify several results in the theory of poly-
nomials, also in hypergeometric functions of two or more variables, Khandekar
[67, p.158 (2.3)] defined the generalized Rice polynomials of one variable in the

following form:-

-n,l+a+B+n,§ ;

1 n
H\2(E,p,v] = ﬁsﬂ v (1.15.29)
n!
1+a,p ;
where n =0,1,2,3,...., andp# —n—1,-n—-2,—n—3,....

If a =0 =0in (1.15.29), we get Rice polynomials [86, p.108]
H,[&,p,v] = HPVIE, p,v] (1.15.30)

If p=¢and v = 3(1 — ), (1.15.29) becomes:-

HE (66,500 - )] = Pea) (11531)
or
HDg ¢ 2] = PL9(1 - 2) (1.15.32)

where P{?(z) are the Jacobi polynomials.
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1.15.6 Krall and Frink Bessel-Polynomials:

Krall and Frink Bessel’s polynomial is defined as

yn<x,06 —n, B) = nl (—?CL‘)” Lgll_a—n) <§)

Krall and Frink [117, p.170 Q.19(ii)] generating relation is given by
[e’e) 1—a
t" xt
n —n,b)— =|1—— t
Swma-ny=[1-5] e

1.15.7 Rainville’s Polynomials:

Rainville polynomials [85] are defined as

_n’ —n+1 1 _|_a 1
gn(z,a,b) = (22)"3F) 2 - —

1+0 ; z?
- tn 1+ a;
Zgn(m,a, b)— = > By —t?
n=0 n 1+ 0b;

When b = a, we get

A polynomial and generating function [85, p.298 (1),(4)] is given by

(a)2n
n!(a),

which are related to the proper simple Laguerre polynomial

Rn(aux) = 1F1(—n;a+n;x),

Ly(v) = 1Fi(—n;1;2)

1 — Ry (a,z)t"
o (g3 n) - R,

n=

1.16 Types of Generating Relations

Linear Generating Functions:
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(1.15.33)

(1.15.34)

(1.15.35)

(1.15.36)

(1.15.37)

(1.15.38)

(1.15.39)

(1.15.40)



Consider a two-variable function F(x,t) which possesses a formal (not necessarily

convergent for ¢ # 0) power series expansion in t such that

H=3 f)

where each member of the coefficient set {f,(x)}2, is independent of t. Then
the expansion of F(z,t) is said to have generated the set f,(z) and F(x,t) is

called a linear generating function (or, simply, a generating function) for the set
fu().
The definition may be extended slightly to include a generating function of the

type

o0

= cagala)t (1.16.1)

n=0

where the sequence {¢, }5°, may contain the parameters of the set g,(x), but is

independent of x and t. A set of functions may have more than one generating

function. However, if G(z,1) Z hy(x)t" then G(z,t) is the unique generator

for the set h,(x) as the coefficient Set.

Now we, extend our definition of a generating relation to include functions which
possess Laurent series expansion. Thus, if the set f,(z) is defined for n =
0,4+1,£2, ..., the definition (1.16.1) may be extended in terms of Laurent series

expansion
[e.@]

F*(I7t) = Z ann(‘x)tn

n=-—oo
where the sequence {7, (z)}22, is independent of x and t.

Bilinear Generating Functions:

If a three-variable function F'(x,y,t) possesses a formal power series expansion

in t such that

F(z,y,.t Z%fn fa(y)t",

where the sequence {7,} is 1ndependent of z,y and t, then F(x,y,t) is called a
Bilinear generating function for the set {f,(x)}.

More generally, if F(x,y,t) can be expanded in powers of t in the form
Z‘ y7 Zf}/nfa fﬁ(n( ) )
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where a(n) and f(n) are functions of n which are not necessarily equal, we shall

still call F(z,y,t) a bilinear generating function for the set {f,(z)}.

Bilateral Generating Functions:
Suppose that a three-variable function H(z,y,t) has a formal power series ex-

pansion in t such that

H(z,y,t thn In (",

where the sequence {h,} is independent of z,y and t, and the sets of functions
{fu(x)}o, and {g,(z)}>2, are different. Then H(z,y,t) is called a bilateral
generating function for the set {f,(x)} or {g,(x)}. The above definition of a
bilateral generating function, used earlier by Rainville [85, p.170] and McBride
[78, p.19], may be extended to include bilateral generating functions of the type

.17 y7 Z’ynfoz(n ( ) n)

where the sequence {7,}~ is independent of x,y and t, the sets of functions
{fu(®)}o2y and {gn(x)}5°, are different, and a(n) and (n) are functions of n

which are not necessarily equal.

Extended Linear Generating Functions:

An extended linear generating function is a generating function of the type

m x, t ZAmnfm—i-n

where m is a fixed integer > 0.

1.17 Few More Results:

b ] ) 2b—1
y U™ 9
) ol = ———— (1.17.1)
2% <1+\/(1—$)>
2b—1
bb+ 1
T 1—2)7 1.17.2
M (um) (1.17.2
bb+ 1 1 =2b 4 (] _ p)—2b
R R NG ) Ml Gk (1.17.3)

2
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bb+Ls L] (a2 (1o
o F1 - | = 20(1 = 20) (1.17.4)
b, —b 1
L Iy e
2
b1—1b: 1
F ’ x| = L+2)+vV2)? '+ (VI +2) — Vo)? !

(1.17.6)

putting z = %, we find an important result used in the thesis:

b1 —b; 2 1
2F1 1 4 = N
3 2y/(1+ %)

e {4 T

2F1[ bé_b;; :c] :2<2b—1>1m [( A+ 2) + V)2
Vit -] (1.17.8)
- [ bé_b;; x] - 4(b—1)\1/m (VT+2) + Va2
Vi -] (1.17.9)
Putting = £ we get
2 [ b+ 5,2 (b+1/2); t2] ) 1 |
3 .4 Ab+1/2-1)4/E1+E)

(1.17.11)



An Integral [85,p.31,Q.7]
o L(p)T(a)
14+ )P (1 — )7 tde = 2rtat
/1 (L+a) {1 -a) I'(p+q)
117, p.86, Q.1]
If Re(a) > 0 and Re() > 0, then

’ ) Y — )8t = (h—a a+671F(a)F(6), a
= et = e G
and
! a—1 -1 —a— B(Oéaﬂ)
/Ot A= el = =

; provided |arg(z +t)| <7m—€0<e<m for 0 <t <1

Gauss Theorem:

Rk kokokok kook sk k
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(1.17.14)
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Chapter 2

Certain Hypergeometric
Generating Relations via Gould’s

Identity (Part-I)
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2.1 Introduction and Preliminaries

The findings unveiled in the present chapter are the hypergeometric generat-
ing relations associated with two hypergeometric polynomials of one variable
aies )(x;m) and 2P (x;m, A\, u) with their independent demonstrations via
Gould’s identity.As applications,some well known and new generating relations
are deduced.

Throughout in the thesis, we use the following standard notations:
N:={1,2,3,...}, Ny :={0,1,2,3,...} =NU{0}, Z, :={0,—-1,-2,-3,...},
Z-:={-1,-2,-3,...} =Zy\{0} and Z = (Z; UN).

Here, as usual, Z denotes the set of integers, R denotes the set of real numbers,
R* denotes the set of positive real numbers and C denotes the set of complex
numbers.

The Pochhammer symbol (or the shifted factorial) (\), (A, v € C) is defined, in
terms of the familiar Gamma function, by

(A = Fon) )1 (V=02 € C\{0)) (2.1.1)

) AMA+1)...0+n—1) (v=neN:AeC)
it is being understood conventionally that (0)o = 1 and assumed tacitly that the
Gamma quotient exists.
Some useful consequences of Lagrange’s expansion [123, p.133; see also 82, p.146,
problem 207] include the following generalization [82,p.349, problem 216] of the
familiar binomial expansion :

e n 0+1
A 22

0+(8+1)n
n

where ( ) is a binomial coefficient and 0, 8 are complex numbers indepen-

dent of n and ( is a function of 't” defined implicitly by
C=t(1+ )M (2.1.3)
subject to the condition

¢(0)=0 (2.1.4)
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Another generalization [82, p.348, problem 212] related with the equation (2.1.2),is

- 0 0+ (B+ 1)n\ ,,
;{M 6+l)n}< n >t

:1—}-02 <9+ ﬁ+1n_1)ﬁ:(1+09 (2'1'5)

n—1 n

given as:

where ( is defined by the equatlons (2.1.3) and (2.1.4).
When 8 = —1,both results (2.1.2) and (2.1.5) reduce immediately to the binomial
expansion.

Gould[46,p.90;see also 87,p.169] gave the following identity:

z:w+f;fzn}<“+%f&y?ﬂh_“+gf(“+lfﬁﬁ> (2.1.6)

where 0, 3, 0, u are complex parameters independent of n and ( is given by the

equations (2.1.3) and (2.1.4).

If we put 6 = {a+ (6 + 1)mr} and 0 = {\ + gmr} in Gould’s identity (2.1.6),
we get the first modified form of Gould’s identity:

{a+ B+ 1)mr}A+pun+pmr) (fa+ (5+1)mr+ (8 + 1)n\ ,
Z fa+ (B+ Dmr+ (B + n} ( n )t

(2.1.7)

(14 ¢)fert(B+mr} <)\ +oumr+ pla+ (B + 1)mr}§>

(1 =8¢
with

¢=t1+"" :¢0)=0
If we put 0 = {a+(S+1)mr} and 0 = {\+p (5+1)r} in Gould’s identity (2.1.6),
we get the second modified form of Gould’s identity:

§:{a+ anA+un+uu%+)ﬂ(a+&ﬂ+1ﬁw+{ﬁ+1m)ﬂ

{a+ (B+1)mr+ (8 +1)n} n
N i a+ (f+1)mr
= (1 + ¢)tetBHmr} (A +p(B+1)r+ i (1( —~ BC? K) (2.1.8)
with
C(=t1+Q :¢(0)=0
Gauss’s Multiplication Theorem
For every positive integer m, we have
T (b+ji—1
(b)mr :mmrH (+]T) rr=20,1,2,... (219)

j=1
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Summation identity[117, p.101, Lemma(3),(2.1.6)]

(]

Z B(r,n) = Z ZB(r,n—i—mr) (2.1.10)

n=0 r n=0 r=0

33
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([x] denotes the greatest integer in x ; m € N),
provided that series involved are absolutely convergent.

The generalized Laguerre polynomials L\ (x) [85,p.200,112(1)]are defined by

1+ a),
_ %1}«1 [ Cnilda x| ne Ny (2.1.11)
Replacing o by a + nf in equation (2.1.11),we get

-n ; n!
1F1 | = —————— LA (g) (2.1.12)
14+ a+np; (I+a+nf),

The Jacobi Polynomials of first kind P{*? (2)[85, p.254 (132.1), p.255 (132.7)] are
defined by the following equations:

1 n -n,l+a+pG+n; 1—
PB) () _ +'O‘_) Py & * (2.1.13)
1 " —1\" -n, —a—n; 2
n.(1+a+ﬁ)n 2 _a_5_2n;1—a:

where n is a non-negative integer.

Replacing « by (a+ bn) and 8 by {8 — (b+ 1)n} in equation (2.1.13), we get

—n,l‘l'a“}_ﬁ, l1—2 n'F(Oé—l-bn—l-l) P(a+bn,57(b+1)n)

F —
2t ltatbn - 2 T{a+(b+n+1t "

I

(x) (2.1.15)

Replacing a by (o« —n) and 8 by {8 — (b+ 1)n} in equation (2.1.14),we get the

following result

-n, —a ; 92 I'l+a+ B8 —bn—n)n! 2 o Bmbren
2 F _ I P ) ( )Pé b )(x)

m—a—pg -2  TA+a+s-0bn) r—1

(2.1.16)
The generalized Rice Polynomials H\*” [v, 0, 2] of Khandekar [67, p.158, eq.(2.3)]
are defined by

x (2.1.17)

—n,a++n+1,v;
H" v, 0,2] = (O‘ - ") 55y 0

n a+1,0 :
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H,[v,0,x] = H"Y[v, 0, ] (2.1.18)

1 —
PeB) (z) = H@P) {y, v, — “’} (2.1.19)
Replacing o by (v +bn) and 5 by {8 — (b+ 1)n} in eq.(2.1.17), we get

| Itat+fs | nl armp—tiom [v,0,2] (2.1.20)
Ltadtbn o (1+a+bn), "

Some useful Pochhammer’s relations

AMun
O+ ) (it +1)
( Aun )
p(B+1-m) J .

<A+ u@f)+(me+Mﬂm%+MWW):<AO—BO+MQO'

L= A+ pun+pu(B+1)r—pmr (2.1.21)

(1= 50 (1-5¢) (1-p¢)
MA=BO)+ula
( AU 1>r (2.1.22)
(w)
pm(C+1)
- T
(m8m).
NI ) { pCBmr  pCmr }
(+ag) Hperor 5+ 15
_ M-8 +pcal (“Eg(ﬁﬁfﬂgﬁi}o - 1)r (2.1.23a)

(1-8¢) (u{m—acwca} )

(B+1)(1-B¢+m Q)

where

r=20,1,2,3,...

Now we shall discuss some special cases of the implicit functions defined by
equation (2.1.3) subject to the condition (2.1.4).Using Mathematica 9.0, we can
find the roots of resulting cubic equation in ( for different values of # in equation
(2.1.3).
Case I:- When = 0 in (2.1.3),then particular value of (satisfying the condition
(2.1.4)) is denoted by

09— " (2.1.24)

Case II:- When § =1 in (2.1.3),we get

37



tC24+ (2t —1)C+t=0

then one of the values of ( (satisfying the condition (2.1.4)) is given by

C1—2t— /(1 —4t)
- 2

A

(2.1.25)
Case III:- When 5 = —2 in (2.1.3),we get
CHC—t=0
then the particular value of ((satisfying the condition (2.1.4)) is given by

:—1+\/(1+4t) (2.1.26)
5 1.

—_
—
—

Case IV:- When = —3 in (2.1.3), we get
CH2°+(—t=0

then one of the roots(satisfying the condition (2.1.4)) of above equation is given
by

1

Wl

1 2

{2 + 27t + 3v/3 /(4 + 27152)}§
.
{2+27t+3\/§\/(4t+27t2)}§ 2

YT=-|-2+

Wl

(2.1.27)

Case V:- When = —1 in (2.1.3), we get
CZ _ tQC _ t2 =0

then one of the roots(satisfying the condition (2.1.4)) of above equation is given
by
t
U= 5{t ++/(t2+4)} (2.1.28)

Case VI:- When 3 = =2 in (2.1.3),we get

C3+C2_t220
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then one of the roots (satisfying the condition (2.1.4)) of above equation is given
by
1 1 3
oo _Lliy (1+¢V/3)

3 ) 5
23 {—2 472 4+ 3v/3 /(42 + 27t4)}
(1 - v/3) {—2 Tt 4+ 33 /(4 + 27154)}5

2

_|_

(2.1.29)

ol

where ¢+ = /(—1).
Case VII:- When = —: in (2.1.3),we obtain

then one of the values of ¢ (satisfying the condition (2.1.4)) is denoted by

£ 23 (—6t% — 1)
= — 1 +
3 3{27t3 + 1816 + 2t% + 3/3./(2716 + 419)}5
27t% + 1818 + 260 + 31/3./(2710 + 41%) 5
{277 + 1807+ 247 + 1\[ (270 + 4) (2.1.30)
3.23
Case VIIL:- When § = in (2.1.3),we obtain

then one of the values of ¢ (satisfying the condition (2.1.4)) is denoted by

{8 + V3 /ETE = 1)}

o 3 @
2333

{9153 + ﬁm}

(2.1.31)

_|_

=

2.2 Main Generating Relations

First Generating Relation:
If any values of variables and parameters leading to the results which do not

make sense, are tacitly excluded, then

(A
Z{a—i— —;in }H(a A(x;m) t" = (14 )°.
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a A (1=BQ)+uga .
{A(l - Q) + uCa} oFry | T T T (@)
a(l — b a A (1-B) +pca .
( BC) ].+ m(ﬁ+1)’ mu(lJFC) 7(bq)7
(2.2.1)

where
¢ =t(1+¢)"";¢0) =0

provided that involved series on both sides are absolutely convergent.

Here Srivastava’s generalized hypergeometric polynomials of one variable H? (x;m)
[117,p.360, eq.(7.3.3); see also 109, pp.331 — 332] are given by
1 A(m; —n), (a ;
n A(m; 1+ a+ Bn),(by):

where «,f are complex parameters independent of ‘n’ and A(m; \) abbreviates

the array of m number of parameters given by

A A+1 Ad4m—1
—, e ;meN
m  m m

Independent Demonstration:
Using the definition (2.2.2) of Hie? (z;m) and then the power series form of
pimEyrm[2] in left hand side of equation (2.2.1),we get

R (A + pun) A+ pn) N{a+ (B+1)n+1}
Q_;{ajt(ﬁ%—l)n}]—]é Z{OH— B+1n}T(n+1) TH{a+pn+1}

(2] ﬁ (%H) [(ap)]r =" 2"

j=1

m

2 ﬁ <1+a+n5+]’—1>r[(bq)]r rl

Jj=1

Using Gauss’s multiplication theorem (2.1.9) in above equation, we get

(A +pun) (=n)mr (a)n(ﬁ-i-l) [(ap)]r x” "
a(a+1),s (L4+a+n8)m: [(by)]- ! n!

(2.2.3)
n=0 r=0

Now applying summation identity (2.1.10) and then simplifying further, we get

_ N (@mgenr [(ap)]r {a+ B+ mr}(\ + pn + pmr)
Q_; a (o + Dms+nr [(bg) Z {a+ (B+)mr + (8 +1)n}
.<oz + (B + 1)727’ + (8 + 1)n) i (2.2.4)
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Now using first modified Gould’s identity (2.1.7),we get

= @ S (%)r [(ap)]r " (=)™
B ; “ ( B T 1) [(bg)]: 7!

Now using (2.1.22) and simplifying it further, we get

A(l—ﬁC)Jr,uCoz) = (o), [(ap)]y a7 (—0)™
(1-50) « "0 (g + Dr (0], 71

(/\(1—54)+u4a i 1)

(1 + ¢)mB+r,

Q:(1+C)°‘(

r=

pm(1+¢)

(A(lfBC)JruCoz)
pm(1+C)

(2.2.6)

After solving it further,we get the result (2.2.1) in the form of a generalized
hypergeometric function of one variable.

Second Generating Relation:

If any values of variables and parameters leading to the results which do not

make sense, are tacitly excluded, then

A—i— n (0% n (6%
Z{a = B (w;m, A p) 1 = (14)

+ (B4 1)n}
A (1=B0)+uca .
{A(l — B¢ +u<a} WF miary Lt wsa-germe (@0); 2=
al — P A (1-B¢)+uca )
(1=5¢) L+ e wrmaserme (0a);
(2.2.7)

where
¢=t(1+)""¢(0) =0.
provided that involved series on both sides are absolutely convergent.

Here we define new generalized hypergeometric polynomials%ff’ﬁ ) (x;m, A, u),known

as “Pathan’s generalized hypergeometric polynomials of one variable”, given by

1 Am;—n,l—l—M,a )
B (xym, N, 1) = (a T )n)p+m+1F +mt1 ( ) “(’B;Lj_m) () x
(2.2.8)

where o, are complex parameters independent of ‘n’ and A(m; \) abbreviates
the array of m number of parameters given by

A A+1 Ad+m-—1
—, R ;m €N
m m m
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Independent Demonstration:
Using the definition (2.2.8) of %fla’ﬁ)(x; m, A\, ) and then the power series form of
pim41Fgrm+1[2] in left hand side of equation (2.2.7),using Gauss’s multiplication

theorem (2.1.9) and result (2.1.21),we get

S Aﬂm o "

A+ g (B D = mr] (=1 T+ 08+ D} [(g)], 2" 17
MNa+ng+1+mr} [(by)], r! n!

(2.2.9)
Now applying summation identity (2.1.10) in above equation then simplifying

further, we get

R [(a,)], =" (=)™ {a+ B+ Dmr}A+ pn + pu(B + 1)r)
Q_Z[a+m(ﬁ+1[ r‘z {a+(B+1mr+ (B +1n}

‘(a + B+ )mr+ (8 + 1)n)tn

n

(2.2.10)

Now using second modified Gould’s identity (2.1.8) and eq.(2.1.23),we get

3 <m)r [(ap)]r " (=¢)™"

O = (1 + oa; N (m N 1>r [(bq)]T r
[<A+(1M——ng)) +{u(ﬁ+1)r+ﬂc((f_;;2)mr}} (2.2.11)

Now using equation (2.1.23a) in above equation and summing it up into hyper-

geometric form further, we get the desired result (2.2.7).

2.3 Known Applications of First Generating Re-
lation (2.2.1)

(i). Putting A =1, u = % in equation (2.2.1) and after simplifying, we get

;Hﬁa’ﬁ)(x;m)t" = —%ﬁ;%og Fy ((Z:)); (=)™ (2.3.1)
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which is the result of Srivastava [106, p.975;see also 107,p.233, eq.(12)].Here ¢
being given by equation (2.1.3) and (2.1.4) and HP (z;m) is given by equa-
tion (2.2.2).

(ii). Putting A = 1,4 = 2 and m = 1 in equation (2.2.1) and using the

67

definition of H\™? (x;1) and after simplification, we get

Z <a + (B+ 1)n> A Fo —n, (ap) ; ol
14+ a+np, (by);

B (1+ )t (ap); ol
=g | e 232

which is the result of Srivastava [105, p.591, eq.(9);see also 59, p.1186].¢ is given
by equations (2.1.3) and (2.1.4).

(iii). Putting A = 1,4 = 5=, 8 = 5} and m = 1 in equation (2.2.1),using the
definition(2.2.2) of H,(la’fé)(x; 1) = féa) (x) and replacing ¢ by U, we get

= « n - Oé+2 -n, (CL ) ) n
fol ()" = Z < 2)p+1Fq+l P x|t
n=0 n=0 n l+a-— %a (bq) ;
[14 U)ot (ap);
= 1—Uqu b - SL’U (233)
(1+3) (by);

where
U= S{t+ BT}

which is the known result of Brown [7, p.264, eq.(7)] and i) (x) is Brown’s gen-
eralized hypergeometric polynomial[117,p.358,eq.(7.2.4)].

2.4 New Applications of First (Generating Re-
lation (2.2.1)

(i). Putting = 0 and { = © = & from equation (2.1.24) in equation (2.2.1),
we get

o0

(A4 pun) fa+n A(m; —n), (ap) C el o= (1 et
Z (a—l—n)( n )p+qu+m A(m; 1+ ), (by); reue .

n=0
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A1 —t ¢ ﬁ,l_i_w’a : —+\™
{ L=t ko } pr2fara | " ) x(—) (2.4.1)

o' 1+ 2, A(l;i):uat’ (by);

(ii). Putting f=1and ( = A = - ——r 09 b om equation (2.1.25) in equation
(2.2.1),we get

(A4 pn) fa+2n A(m; —n), (ap) ; n o
Z +g ( )p+qu+m ' x| t"=(1+A)"
(a+2n) n A(m; 14+ a+n),(b,);

n=0

1A A 71+w7a;
F T T I

1—A AA=A)+paA .
o ) 1+%7T1+“A)7(bq)7

iii). Putting f = —2and ( = = = — — 5 (1t from equation (2.1.26) in equation
g
(2.2.1),we get

> n)fa—n Am;_naap ) _
Z(A+u)< )mFm (mimsla) 5z

—~ (a—n) n A(m; 1+ a —2n), (b,);
A(L+25) + po= e 14 MRS (@)
— pi2F, piT= z(—Z) (2.4.3)
a(l+25) _ o A(1425)+paE (by);

m’  mp(l14+E)
(iv). Putting f = —3 and ¢ = T from equation (2.1.27) in equation (2.2.1),we

get

(A pun) (o —2n A(m; —n), (ap) ; n o
Z g ( )p+qu+m 8 x| t"=(1+7T)~
- (a —2n) n A(m; 1+ o —3n), (by);

o A(L+37)+paY .
{)\(1+3T)—I—ua“f} ooF 2m>1+T1+%a(p)v

a(l+31) ACHTLST (by);

(=T | (2.4.4)

- %
(v). Putting 8 = 5! and ¢ = U from equation (2.1.28) in equation (2.2.1),we
get

(e}

@) i A(m; —n), (a ;
Z —i—,un (a—i- 2n>p+qu+m ( ), (ap) o = o)

(a+3m)\ n A(mi 1+ a - n), (b,);

n= 2

)\ 1 U U 2a 1+M, ap);
{ (1+3)+ap } pi2Fyio mi (1+0) (@) z(=U)™| (2.4.5)

U M1+ YD) +apU
a(l+3) 1+m7THUM)7(bq);
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(vi). Putting 8 = 3 and ¢ = ¥ from equation (2.1.29) in equation (2.2.1),we
get

[e.o]

Z (A + pn) (a — %n)erquer A(m;—n), (ap) ; o| = (1w

e f Gt AN A(m;1+a — 2n), (b,);

A1+2 U)fau¥

{A(l—l—%\lf)—l—au‘l/} _720‘71+Wa(ap); (=)™
3 p+25 42 90 A(1+2 ) +apd A
o(1+357) 1= = ()

(2.4.6)

vii). Putting f = = and ¢ = II from equation (2.1.30) in equation (2.2.1),we
3
get

o0

3 A(m; —n), (a ;
Z )\+/m (a+3n)p+qu+m (m; —n), (ap) o =1+
o (at g\ on A(m; 1+ o = 3n), (by);

o A(141 D) 4-apll )
{)\(1+§H)+auﬂ} JF S—m,1+W+H)”,(p),
: +24 g+

1 1
111 A1+ L ) +aull .
a(l+ L10) 1 o, 200 D (by);

e(~I)™| (2.4.7)

(viii). Putting § = 3 and ¢ = ® from equation (2.1.31) in equation (2.2.1),we
get

oo

1 A(m;—n), (a ;
Z )\"—/,Ln (Oé+ 3n)p+qu+m ( ) ( p) T tn _ (1 +q))a
n—0 (o + n n A(m;l—i—a—%n),(bq);

o A1+2 @) +pad
{A(l—i—%@)—l—ua@} JF 3;,1‘1‘%7(1));
p+2+ g+

2 A142 &)+ pad
ol +59) L+ S (b

2(—®)" | (2.4.8)

2.5 New Applications of Second Generating Re-
lation (2.2.7)

(i). Putting A =1,y = % in equation (2.2.7) and after simplifying, we get

00 « 1)n

> (a no Un) F Alms =), 1+ GG (@) |,
p+m+14Lg+m+1 o Dn

n=0 n A(m7l+a+6n>7 %7 (bq)7

a a(1+¢) .
_ 1+« +1)p+2F L, | et EEEaicg (a);

1— q o a(1+¢) .
( 5C) ]. + m(ﬁ+l)’ (5+1)2(1*5C+m<)7 (bq)a

(O™ (25.0)
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where ( is given by equations (2.1.3) and (2.1.4).
(ii). Putting A =1, u = %, m = 1 in equation (2.2.7) and using the definition
of %7(1&’6)(1:; 1,1, %), we get

e at(B+)n .
a+ (f+1)n P -n, I+ =g (ap); i
n p+25q+2 a+(B+)n &
n=0 1 + o+ 5”7 (B+1)8 (bq)>
o a(1+¢Q) .
_ @+ | G M Eraosae (W) 959
(1-pg) reerer a(140) =) (25.2)
L+ @ mrea-sero (ba)i

where ( is given by equations (2.1.3) and (2.1.4).

(iii). Putting A = 1, = i,ﬁ = ’71, m = 1 in equation (2.2.7),using the
_1

definition of @,(f’ (x;1,1, 2—) and replacing ¢ by U from equation (2.1.28), we

get

S —nl—da-2(a); |,
Z( 2)p+2Fq+2 AR
n I+«

n=0 - %7 —4da — 2n7 (bq) ;
(1+ D7)+ 20,1+ S0 (ay);
= Tag g e So(140) z(=U) (2.5.3)
2 1 + 20-’7 (2+3U0) (bq);

(iv). Putting § = 0 and ¢ = © = & from equation (2.1.24) in equation (2.2.1),

we get

Aun

(A4 pun) fa+n A(m; —n), 1+ 2750 (ap); n
Zw( )p+m+1F+m+1 p=m)? BT |

o (@t+n) \ n A(m;il+a), 2H (b,

B 1_|_ A(1—t)+pat a,): m
:<1_t)—a—1{)\(1 t)+ﬂat}p+2Fq+2 p(I—t+mt) * s (ap) x( 3 )

A(l—t)+pat . t—1
@ L+ E’ w(l— t+7l;t) (bq)v
(2.5.4)

(v). Putting S =1and ( = A = ———— 0 rom equation (2.1.25) in equation
(2.2.1),we get

i (A + un) (a+2n) ” A(m;—n),1+ A(;“‘Z),(a); 2|
p+m~+14g+m—+1

a+m)\ » A(mi1+a+ n), 220 (5,);

_(1+A)Q{A(1—A)+MQA} , F 2m71+2u(171\+m/\)7(ap)’ x(_A)m

a  AA=MN+pal .
1 + om 2#(1—AfmA)’ (b )ﬂ
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(vi). Putting f = —2and ( == = i —5— U from equation (2.1.26) in equation
(2.2.1),we get

A+ pun) [a—n A(m;—n), 1 — ()E;rfmn;> (ap) n
ZW p JremtiEerm " et ot
n=0 A(m;1+a—2n),—m,(bq);
A1 + 25) + poZ w21 — AHEHE (a,);
_ (1—|—E)a ( + )—’;MO‘ p+2F m w (14+2E+mE) ? ( p) Z‘(—E)m
a(l+22) — o A042E)tuas) (g .
m> p(+2E+m=a) 0 \Va)
(2.5.6)
(vii). Putting 5 = —3 and ¢ = T from equation (2.1.27) in equation (2.2.1),we
get
> (A+pun) fa—2n A(m;—n), 1 — ,(2;’:2;’ (ap); n
Z Oé — 27’L n p+m+1Fq+m+1 (Atpn) xT t
n=0 A(m;1+a_3n)7_u(2+m)7<bQ);
—a A(1437)+paY .
_ (1—|—T)a )‘(1+3T)+NO‘T WF, Qm’l - m’(ap)’ x(—T)m
a(l+37) : 1 — o, 30 Hual) 1y .
2m?’  2p(143Y4+mTY) ? ?
(2.5.7)
viii). Putting 3 = = and ¢ = U from equation (2.1.28) in equation (2.2.1),we
2
get
= /\+,tm a+in A(m; —”)71+%7(%);
Z > prmri Fyrma u; | t"
= (o + n n A(m;1+a—in), ( ;Lun)7(bq);
277 p(z—m)
U 2a 221+ Y) +apU )
1+ % 2a 2A(1+ 5 )+apU .
a(l+3) Lt 2 Sy (b
(2.5.8)
(ix). Putting 8 = 32 and ¢ = ¥ from equation (2.1.29) in equation (2.2.1),we
get
oo . (Atpn .

A+ un) (o —in A(m; —n),1 - e f:m))» (ap); n
Z (a—3n)\ n prmt1 et 3 (Atpn) d
n=0 2 A(m71+a_En)v_ﬂ(%+m)7(bQ)a

3
e [ 2O g =21 — 2 TR (a,); o
- a(l + % \I’) p+24g+2 1 20 _{2/\(1+%\I/)+au\11} (b ) x
m’ M(l—i—%\ll-i-mlll) »\¥a /s
(2.5.9)
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(x). Putting # = ! and ¢ = II from equation (2.1.30) in equation (2.2.1),we get

% )\+/m o+ 2n A(m; —n), 1+(( m)),(ap); i
Z (a+ 2n) n prmitlgm 1 Ovtpen) Tt
n= A(m;1+a—3n), e m),(bq);
3a 3{A(1+1 M) +apull} )
— (1_|_H)a {)\(1 + %H) ‘l' QMH} 2m? 1 + 2#(14,_3% H+mH) ’ ( P); x( H)m
o i p+24'g+2 N —
a<1 * 3 H) 1 + 27?1 ) 3{22((11:3 rII_[)—iJ-rrrflfIr)[}7 (b );
(2.5.10)
(xi). Putting g = %2 and ¢ = ® from equation (2.1.31) in equation (2.2.1),we
get
- )\+/m a+in A(m; — )1+(( )),(a); )
Z O[ + n n p+m+lF +m+1 ) Outpin) x| t
n— A(m;l—ka—gn),u( m),(bq);
3a 3{\(1+2 @)+ pad} )
_ (1+¢,)a{)\(1+§®)+uo@} +2F E?l—i— (1+3<I>+mq’) a( p)7 x(_q))m
o 2 p .
a(l+20) | 4 8o S{Aii iﬁﬁﬁ}a (b,):
(2.5.11)

Making suitable adjustments of parameters and variables in all generating re-
lations of sections 2.4 and 2.5, we can also obtain a number of new generating
relations involving restricted generalized Laguerre polynomials, restricted Jacobi
polynomials, restricted generalized Rice polynomials of Khandekar and other

orthogonal polynomials.

kokokokokok skook sk >k
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Chapter 3

Certain Hypergeometric

Generating Relations via Gould’s

Identity (Part-II)
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3.1 Introduction

The present chapter reveals some more hypergeometric generating relations as-

sociated with two hypergeometric polynomials of one variable H?

)(m;m) and
B (x;m, A, u) with their independent demonstrations via Gould’s identity.Some
well known and new generating relations are deduced in the form of particular
cases.

Some Useful Pochhammer’s Relations

(e +1), ()
A+pB+Dr A \wG+D . \m(B+1) ),

_ (3.1.1)
a+m(B+1r o (H(ﬁxﬂ)h (m(g+1) + 1)T
{pCatplBmr+pgmry  pla <m<5+1>+1>r (3.1.2)
- 50) 0-00 ().
where
r=0,1,2,3,...

3.2 Main Generating Relations

First Generating Relation:
If any values of variables and parameters leading to the results which do not

make sense, are tacitly excluded, then

Z {a (A + pn) HP (zim) 1" = (1 + Q)“.

+(B+Dn} "
A gy L+ o (@) m 18 (ap) .
ap+2Fq+2 (ﬁH)a )\u P 2(—0) _l_mqu P 2(=C)
L+ 5w (Ba); (bg) ;
(3.2.1)
where

¢ =t(1+¢)"*:¢(0) =0.

provided that involved series on both sides are absolutely convergent.

Here Srivastava’s generalized hypergeometric polynomials gt )(x m)

[117,p.360, eq.(7.3.3); see also 109, pp.331 — 332] are given by equation (2.2.2).
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Independent Demonstration:
Using the definition (2.2.2) of HP) (x;m) and then the power series form of

pimFyim|x] in left hand side of equation (3.2.1),we get

= (A4 pn) (A +pun)
Q= H P
;{a+(5+1)n} " Z{a—l— (B+1)n}
- n+j—1 n
(2] H <T> [(ap)]r 2" ¢
MHa+(B+1n+1} < = r (32.2)
T+1) Ma+fn+1} &= 5 1+a+n5+g—1 | o
I1 [(bg)] 7!
Jj=1 r
Using Gauss’s multiplication theorem (2.1.9) in above equation, we get
S Pl " oan
0o 3t k) (o @iy () 523

a (@t U)np (L+ @+ nB)mr [(by)]r ! 1l

Now applying summation identity (2.1.10) and then simplifying further, we get

_ N (@ [(ap)]r {a+ B+ Dmr}(A+ pn + pmr)
Q_; a (@t Dm(+1y r' Z {a+ B+ Dmr + (8 +1)n}
‘(04+ (B + 1)77:“—1— (B + 1)n)tn (3.2.4)
Now using first modified Gould’s identity (2.1.7) and then (3.1.2),we get
a - a) /3""1 )] z’ (_t>mr m(B+1)r
(1 1
o ?3 e T 1O
. {(/\ PSS C (+1 (_Bgc)l)mr}] (3.2.5)
Simplifying it further, we get
= () [l = (-0
Q=(1+0"
1+9 Tz; @ (5 (6+1) + 1) [(0g)]r 7!
\ (7 +1), L mgo (e +1), (326)

(%), 79 (),

After solving it further,we get the result (3.2.1) in the form of sum of two gen-
eralized hypergeometric functions of one variable.

Second Generating Relation:

o1



If any values of variables and parameters leading to the results which do not

make sense, are tacitly excluded, then

Z{(H 6+1 }%ﬁ’m(m;m,k,u)t = (1+¢)

A L+ 2y (@p); " 78 (ap); m
ap+2Fq+2 e (5;1) z(=0)"| + E 7 a(=¢)

L+ m(ﬁ-‘rl)’ w(B+1)” (bq)§

where
¢ = t(1+0)™5¢(0) = 0.
provided that involved series on both sides are absolutely convergent.
Here Pathan’s generalized hypergeometric polynomials of one variable B (x;m, A, )
are defined by equation (2.2.8).
Independent Demonstration:
Using the definition (2.2.8) of B (w;m, A, ) and then the power series form of
pim+1Fgrm+1[2] in left hand side of equation (3.2.7),using Gauss’s multiplication

theorem (2.1.9) and result (2.1.21),we get

— (A +pn) o n
Z{(H D) }% D(w;m, A\, p) 1" =

oo [m]
EL [\ 4 B+ Dy — o] (=) Do+ 0(8 + D} [(@)], 27
Z Z MNa+nB+1+mr} [(by)], r! n!

n=0 r=0

(3.2.8)
Now applying summation identity (2.1.10) in above equation then simplifying

further, we get

Q*_ii[ [(ap)], 2 (=)™ ME:&»%5+1anA+un+MW+1>)

a+m(6+1 [ {a+(B+1)mr+ (8 +1)n}
‘ (a +(B+1)mr+ (8 + 1)n> o (3.2.9)
n
Now using second modified Gould’s identity (2.1.8),we get
ey U 0W<L+OMW”T[A+MW+&V He
B 2:; [(bg)] la+m(B+1)r - (1-5¢)
(3.2.10)

Now using equation (3.1.1) in above equation and summing it up into hyperge-

ometric form further, we get the desired result (3.2.7).
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3.3 Known Applications of First Generating
Relation (3.2.1)

(i). Putting A =1, = % in equation (3.2.1) and after simplifying, we get

(ap); C(1+p)
E[(a"g) T n o F T m
7;20: n ( 7“l>t (1 C) pP-q bq : ( C) {(1 6 () 1}

_ @O @), (3.3.1)

=580 """ | (o).
which is the result of Srivastava [106, p.975; 107, p.233, eq.(12)].Here ¢ being given
by equations (2.1.3),(2.1.4) and Hie? (x;m) is given by equation (2.2.2).
(ii). Putting A = 1,u = % and m = 1 in equation (3.2.1) and using the

definition of H™? (x;1) and after simplification, we get

Z (a + (8 + 1)n)p+1Fq+1 —n, (ay) .; 2|

CRRY s O 2(—C) (3.3.2)

— pt'q
(L=80 771 (by):
which is the result of Srivastava [105, p.591, eq.(9); see also 59, p.1186].C is given
by equations (2.1.3) and (2.1.4).
-1

(iii). Putting A = 1,4 = i,ﬂ = % and m = 1 in equation (3.2.1),using the

definition(2.2.2) of H,(Za’ﬁ)(x; 1) = ) () and replacing ¢ by U, we get

- — (a+ 2 —n,(ay)
fi (@)t = ( 2) +1Fy x| "
E E o prita 4 "

n=0 n=0 a— 3, (bq) )

B [1+ U]**! (ap); .
R o U (3.3.3)

where
U= S{t+ BT}

which is the known result of Brown [7,p.264, eq.(7)] and i) (x) is Brown’s gen-
eralized hypergeometric polynomial[117,p.358,eq.(7.2.4)].
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(iv). Putting @« = v — 1,8 = 0, = & and replacing ¢ by (¢ — m) in equation

1-t

(3.3.1) and after simplifying, we get

(v+n—1 A(m; —n), (ap) ; "
Z( )“qu A(m: Sk

n=0 n (mv V)a (bq—m)a
1 v (ap) - ot "

Now replacing p to p + m in equation (3.3.4), we get

n=0

A(m;v), by, ... bgm :

S A A S S t \"
=1 =07 prmFym 1 m " I(t 1)

bla"'ubq—m )

Further taking

v v+1 v+m—1

apt1 = —,py2 = cee s Qpom =
P m’P m7 » P m

in equation (3.3.5), we get

> (v+n—1 A(m;—n), a1, ..., a, ; .
Z( )p-l—qu—m x|t
n=0

n .
bla"'qu—m )

= (1 - t)iy ptmEg—m

A(m;v),aq,...,a, ; ¢ m
"o

bl?"'abq—m )

Replacing ¢ by ¢ + m and = by f(z) in equation (3.3.6), we get

> v+n—1 A(m;—n),a,...,a, ; .
S () un el
n bl,...,bq i

» A(m;v),aq,...,a, ; t m
= (L= 1) ponF,y " fa) (m)
bl,...,bq )

n=0

which is the known result of Srivastava [107, p.233, equation(13)].

o4

&) . .
V+n—1 A(m7_n)7a17"'aa'p7a/p+17"'aa'p+ma
E n pram by Z

(3.3.4)

(3.3.6)

(3.3.7)



3.4 Some Special Cases of Generating Relation

(3.3.2)

(i). Taking p = 0 = ¢ in equation (3.3.2), we get

= (a+(B+1)n —-n ; n (L)t —
=0 ( n >1F1 1+ a+ng; dia (1-p¢) ofo — #(=¢)
1 a+1
= —((1tcg 0 exp(—xz () (3.4.1)

which is the known result of Srivastava[l105,p.591,eq.(7)] subject to the condi-
tions (2.1.3) and (2.1.4).
Now using the definition of generalized Laguerre polynomials (2.1.12) and solving

we get

SO L) () %i_%; ~a¢ (3.4.2)

where ( is given by equations (2.1.3) and (2.1.4).It is the known result of
Brownl[5, p.822] and Carlitz[14, p.826 ; see also 105, p.590, eq.(4)].The generating
relation (3.4.2) is a unification and generalization of the following two generating
relations (3.4.3) and (3.4.4):
Taking 5 = 0 in equations (2.1.3),(2.1.4) and (3.4.2), we have

im — (-t ea:p{—(lx_tt)} (3.4.3)

n=

and taking 5 = —1 in equations (2.1.3),(2.1.4) and (3.4.2), we have
Z L ()" = (1 + 1) exp(—at) (3.4.4)
n=0

(ii). In equations (2.1.3),(2.1.4) and (3.3.2), putting p=1,q= 0 ; replacing by 5%
B8 by b and ¢ by v, we get

> (b —n,a ; (1-—
Z(a+ +1 )2F1 1 ( Qx) i

e 1+a+nb;

_ (vt ai; (1—w)
(1 —bw) 1o .2 (=v)

I
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e N

where v is a function of 't’ defined implicitly by
v=t(1+v)®*Y p0)=0 (3.4.6)

It is the known Generating relation of Srivastava[l05,p.591,eq.(8)]. Putting
a; = 1+ a + [ in equation (3.4.5)and using the definition (2.1.15) of Jacobi

polynomials,, we get

. ) 14 v)a“ (1) —(1+a+p)
platbn, f=(b+1)n) () 4n _ (— 1 3.4.7
; s (z) T T 7Y (3.4.7)

where v is given by equation (3.4.6).This is the known result of Srivastava
[105, p.594, eq.(22);120, p.748 ; see also 11, p. A654].

Taking b = 0 in equations (3.4.6) and (3.4.7),we get the following generat-
ing relation of E.Feldheim, recorded in the monograph of Srivastava-Manocha
[117,p.90, Q.15 (second equation); see also105, p.594, eq.(23)].

i Pl B ()¢ = (1 — )P {1 — <1+T$)t} e (3.4.8)

n=0

(iii). Putting p = 1,¢ = 0,a; = \,a = a, f = b and replacing ¢ by v in equations
(2.1.3),(2.1.4) and (3.3.2),we get

- b 1 - n, A 3 1 o+l —
Z (a+( i )n>2F1 r|th = dtv)™ (14+z0)™  (3.4.9)
n=0 n 1+a+nb; (1—bv)

where

v=t(1+0)"" 5 0(0) =0

Replacing x by (13@ and A\ by (—«) and then a by (—a —  — 1)and using the

definition (2.1.16) of Jacobi Polynomials, we get the following result

i (1396)”1375“_"’5_""‘”)(%) t" = OJE);:)_Q (1 + (1Ex)v)a (3.4.10)

n=0
where
v=1(1+0)" 5 0(0) =0
Replacing t by t%;v by w,we get
- o Bbn 1+w) o7 2w\
plamnsetn=n) gy g — LEW T () 3.4.11
; n (z) 1=bw) T ( )
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where

w(w,t) = t(l ; z) (1+w)® : w(x,0) =0 (3.4.12)

which is known result of Srivastava [105,p.593 ,eq.(16); see also 120, p.748].
Taking b = —1 in equations (3.4.6) and (3.4.7); (3.4.11) and (3.4.12),we obtain
another result of E.Feldheim, recorded in the monograph of Srivastava-Manocha

[117,p.90, Q.15 (first equation); see also 105, p.593, eq.(19)]
0 Hr—1)\ P
> Pl (@)t = (141)° <1 - %) (3.4.13)
n=0

And taking b = 0 in equations (3.4.11) and (3.4.12),we obtain

ni;o P () 7 = (1+t($;1))a <1+t(w;1))ﬁ (3.4.14)

which is the result of Milch [79] and also recorded in the monograph of Srivastava-

Manocha [117,p.82, (1.11.2)].

(iv). Putting p=2,¢g =1, =b,ay =1+ a+7v,as = u, by = o and replacing ¢
by v in equations (2.1.3),(2.1.4) and (3.3.2),we get

> b+1 —n, 1+ o+, pu;
Z(aﬂ + )”)3F2 TH
n 14+ a+nb, o

n=0

(o)t Itatypu;

=0 R (—v) (3.4.15)

g,
v =1t(1+v)"*;9(0) =0
Now using the definition (2.1.20) of Generalized Rice polynomials of Khan-

dekar in above equation (3.4.15),we get a well known result of Joshi and Pra-

japat [57,p.272):

. a+bn,y—bn—n n 1+Ua+1 1+Oé+’)/,/i,

S ety o g — ((1_—221) oF z(—v)| (3.4.16)
n=0 g,

where

v =t(1+v)"V:u(0) = 0.

(v). Putting b = S and replacing v by U in equations (3.4.6) and (3.4.7),we get

oo n a+1 _ —(1+a+p)
Z PT(LOé— 75_5)(x)tn _ (1+U) {1 + MU} (3.4.17)

o 1+%) 2

B
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- tH{t 4+ /(12 +4)}
2

which is the known result of Brown [5].

3.5 New Applications of Generating Relation
(3.2.1)

The results from (3.5.1) to (3.5.8) are believed to be new in author’s knowledge
and are not found in the literature of generating relations.
(i).Putting 8 = 0 and ¢ = © = ;& from equation (2.1.24) in equation (3.2.1),

we get

A+ pun) (a+n A(m; —n), (ap) I
;W*”)( e sty |

A el () (=t \™ t a); [ —t \™
L A P LT
« 1 . .

1—1
(3.5.1)
(ii).Putting f =1 and ( = A = 1_2%2— Vt(1_4t)from equation (2.1.25) in equation
(3.2.1),we get

e (A 2 A(m; —n
Z + pn) (a+ n)p+qu+m ( 1A
- (a+2n) n A(m; 1+ a+n),
A m’1+ m_’( )7 m
o praFya | 2 A“ 7 a(=A)
L+ 5 5o (bg)s

(35.2)
(iii). Putting = —2and ( = = = i —— 0 from equation (2.1.26) in equation
(3.2.1),we get

> n)fa—mn A(m; —n), (ap ; —
SO (o) g | S e

—~ (a—n) A(m; 14+ o —2n), (by);
>\ _Wa’]‘+ml’(a)’ —\m ME (a)’ —\m
pr2Fgro o (-2 + mqu " a(-5)
L= (0g); = (bg) ;
(3.5.3)



(iv). Putting f = —3 and ¢ = T from equation (2.1.27) in equation (3.2.1),we

n=0

A Sy L+ m—;( )i
: {_ p+2Lgt2 [ ’ ner o(="T)"
@ 1

- ﬁ) mL,u’ (bq)7

get

(A4 pn) (o —2n A(m; —n), (ap) ; n o

Z g < )p+qu+m Y | "= (1+71)"
(a —2n) n A(m; 14 o —3n), (b,);

pY (ap)§x_ m
+(1+3T)qu[(bq); =) ]}

(3.5.4)
(v). Putting 8 = 5 and ¢ = U from equation (2.1.28) in equation (3.2.1),we get
= (A 1 A(m; —n), (a ; ]
Z +,un (a—i- 2n>p+qu+m ( ) (ap) o =y
= (o + 3n) n A(m; 14 a— 3n), (by);
A R O I I (1S ER
-\ o pr2fa w0y |+ mqu " a(=U)
1+m7m“7(bq)§ 2 _(bq)Q
(3.5.5)
(vi). Putting 8 = 52 and ¢ = ¥ from equation (2.1.29) in equation (3.2.1),we
get
(A4 pn) fa—1in A(m;—n), (ap) n
Z%( 2 >p+qu+m R Rt )
o (a—sn)\ n A(m; 1+ o = 3n), (by);
A L+ 2 (ay); m pv (ap) ; m
Yo pt2fyto oo A” " z(—V) 1+rig)” ' z(—=V)
o mu’(bQ); (bQ);

(vii). Putting § = =t and ¢ = II from equation (2.1.30) in equation (3.2.1),we

get
= (A 2 A(m; —n), (a ;
Z —l—un (a—l—gn)erquer ( ) (ap) z| = (1410
e CR AN A(m; 1+ a = 3n), (by);

A 201+ 2 (ap); . pll (ap); .

= p2Fya | 2 5 ; G 9 I ﬁqu " (1)

Lt g g (ba): SRR NCOF
(3.5.7)

(viii). Putting 8 = 5% and ¢ = ® from equation (2.1.31) in equation (3.2.1),we
get

A(m; =n), (ap)

Alm;1+a— %n), (by);

)\ 1
> i (U e
a + 2 n n

n=
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AR I o=y | + 12 R " (=)™
2t g2
o’ ' 1+3Famew(bq)§ <1+§®)p ! (bq)§
(3.5.9)

3.6 New Applications of (Generating Relation
(3.2.7)

The following Generating relations of this section are new in the author’s knowl-
edge and are not available in the literature of Generating relations.

(i). Putting A =1, = EH in equation (3.2.7) and after simplifying, we get

> . at(f+1)n .
Z <&+(6+1)n)1’+m+1F +me1 Alm; —n), 1+ (BFD(B+1-m)’ () x| t"
n=0 " A(m;1+a+8n), i, (b);
I+ ap);
= (L4 Q)"  praFyrz T G () z(=¢)"
1+ 55 ooz (b)s
1 ap);
LBHOC P | @) m (3.6.1)

(1=80""| @®,);
where ( is given by equations (2.1.3) and (2.1.4).

(ii). Putting A =1, = %, m =1 in equation (3.2.7) and using the definition
of B (2:1,1, £HL) from equation (2.2.8), we get

> 1 —n, 1+ a+(5+1)", ap);
I (AR A e
n=0 n 1 —|—oz—|—6n B+1)B (bq)7
1+ (ap); +1 (ap);
p+2Fq+2 (ﬁ+1) ) (6‘:) ;L‘(—C) —+ % qu P ZL‘(-C)
L+ B+1) (B+1)2> (bq)§ (bq)§

where ( is given by equations (2.1.3) and (2.1.4).
(iii). Putting A = 1,u = %,ﬁ = _71, m = 1 in equation (3.2.7),using the
definition of 93,,(104’72)( 1,1, 5~) and replacing ¢ by U from equation (2.1.28), we

a772

get

> —n,1 —4a—2n,(a :
Z( )p+2 () x| "= (1+0U)"

—0 l+a—7%,—4a—2n, (b) ;
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20,1 + 4av, (ay); U (ap);
pr2Fyre Ta(-U)| + 20 oFy | a(=0)
1+ 2a, 4a;, (by); (bg):
(3.6.3)

(iv). Putting § = 0 and ¢ = © = ;& from equation (2.1.24) in equation (3.2.7), w

get
(A +pun) (a+n A(m;—n), 1+ ,LA(TMTZ) (ap); n
Z (a+n) n prm+1Fgimi epn x| 1
n=0 A(mv 1 + 04)7 p(1—m)? (bq) ;
A 21+ 2 (ap); t m]
=A=0)7" ~pebye | 7 (@) x(m)
1+ o Ea (bq)7 i
t (ap) ; t \"
(bg) ;

(v). Putting f =1 and ( = A = Ht_z— ”t(1_4t) from equation (2.1.25) in equation

(3.2.7),we get

Mo+ s ) ]

> (A+pn) (a+2n A(m; — w2—m)’
Z (a+2n) n prmitlgime Atpn g
n= A<ma 1 + «@ + n)? “(Q,my (bq),
«a A 2?% L+ %’ <ap); m
=(1+4A) o pr2fg o z(—A)
L+ 5 50 (bg);
uA (ap)Q
+ (=)™ (3.6.5)
1-"" [ (b)

=== v V2(1+4t) from equation (2.1.26) in equation

(vi). Putting f = —2 and (
(3.2.7),we get

(A +un) fa—n A(m;—n), 1 - (A(ﬂ“‘n’i% (ap) n
DD e G RERLEES RN
n=0 A(m;1+a—2n),—u(1+m),(bq);
—\ )\ _Wa’l_i’(a); —\1m
=(1+5) o — pr2Fype N u)\ " z(—E)
T mo o q )
(3.6.6)

[I]

1—|—2 [
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(vii). Putting f = —3 and ( = T from equation (2.1.27) in equation (3.2.7),we get

i A+ pn) (a—Qn

Alm;—n), 1- 281 () ]
(@ —2n) n pm1Egmt g k) x|t
n=0 A(ma1+a_3n))_M7<bq)a
A s 1= 30 (ap);
=(1+7)° o pr2fg 2 N i’i ' z(=T)"
Im 2p0 (bQ)§
uwY (ap)§
+—Hr R 2(=T)™ (3.6.7)
(1+371)" 1 (by);
(viii). Putting f = 5t and ( = U from equation (2.1.28) in equation (3.2.7),we get
= /\—i-,un a+3n A(m; —n),1+ /S?ff;)),(ap); .
Z prm+1Egtm ) (/\1 ) x|t
n= 04+ TL n A(m;1+a__n)au(lfm)7(bq);
1+ 22 (a);
=1+ U)"\ = pr2Foe . 2A U a(=u)m
L+ =, (bg);
U (ap);
F 2(~U)™ (3.6.8)
ITavad
(1+30) (by) ;
(ix). Putting = =2 and ¢ = VU from equation (2.1.29) in equation (3.2.7),we get
> ()\ + [M’L) o — %n F A(m) —TL), 11— i?;f::b))v (ap); n
Z o —1n) p o )prmrttatmi 3 (Atpun) di
n=0 2 A(m;l—i—a—§n),—u(%+m),(bq);
A —2017 11— 2 ) (ap)§
_ a) m i _J\m
A T — 2o 22 (b,); A
mo
H\Ij (ap>7 m
+ plq (=)
(1+37) (by);
(x). Putting 5 =

(3.6.9)
=L and ¢ = II from equation (2.1.30) in equation (3.2.7),we get

(A4 pun) (o + 3n
m pm1 Fgrm1
n=0 3

[e.o]

A(m; —n), 1+ S5 (q,);
p(5—m) x|
) 1 (Atun) .
n A(m,l—l—a—gn),u(%fm),(q),
A s 1+ 30 (ap);
=1 +ID% 9 = praFie ’ o W (1
+ﬁ7 2u7(bQ);
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Il r (ap);

| ), (~ID)™ (3.6.10)

(xi). Putting # = 52 and ¢ = ® from equation (2.1.31) in equation (3.2.7),we get

00 A(m, ) 1+ (Atpn) (ap)'

/\+;m a+in o) ; "
§ : ( ’ p+m+1Fq+m+1 9 (()\Jr 73) x|t
(atgn)\ n Am; 1+ a = 3n), 252 (by);

n= u(G-m)’
A o145 (ap);
=(1+o)" o pr2Fypo s 5 (-
1+ mo (bQ);
) ap) ;
K F, () 2(—P)™ (3.6.11)

L+52)" 7| (3,);
Making suitable adjustments of parameters and variables in all generating re-
lations of sections 3.5 and 3.6, we can also obtain a number of new generating
relations involving restricted generalized Laguerre polynomials, restricted Jacobi
polynomials, restricted generalized Rice polynomials of Khandekar and other

orthogonal polynomials.
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Chapter 4

Certain Hypergeometric

Generating Relations via Gould’s

Identity (Part-I1I)
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4.1 Introduction and Preliminaries:

This chapter brings into light some another hypergeometric generating relations

associated with two hypergeometric polynomials of one variable H?

)(x; m) and
%’,(La”g )(x; m, A\, ). Furthermore, their independent demonstrations are given us-
ing Gould’s identity. A number of known and new generating relations are de-
duced as particular cases. Under constraints, further generalizations of two main
hypergeometric generating relations have also been given for two generalized

polynomials 557 (z;m) and T (2;m, A, p).

Some useful Pochhammer’s relations

(o
i wo (Tt +1),
u(ﬁ+1)r+(1_6c){a+m(5+1) r}= 1-50 ( - > (4.1.1)
(B+1)(1+m(=5C) ),
(1-5¢) (1-5¢) (#&))T
where

r=20,1,2,3,...

4.2 Main Generating Relations

4.2.1 First Generating Relation:

If any values of variables and parameters leading to the results which do not

make sense, are tacitly excluded, then

(A4 pn) A sy (@)
Hr(La”B) (l‘; m) - (1+C)a Y m(B+1) x(—C)m
Z{a+ (B4 1)n} a T g e (0,

zs

T Rakakax w14 ST oy (4.2.1)

+ af
L+ S () ey

where

C=t1+Q"" ;¢0)=0
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provided that involved series on both sides are absolutely convergent.

Here Srivastava’s generalized hypergeometric polynomials H, (o )( x;m) [117, p.360,
eq.(7.3.3); see also109, pp.331 — 332]are given by equation (2.2.2).

Independent Demonstration:

Using definition (2.2.2) of HP) (x;m) and then the power series form of 1, Fyyi1m [7]

in left hand side of eq.(4.2.1),we get

(A + un) (@B (A4 pun) a+(B+1)n
= Z{a+5+ }H Z{a—l—ﬁ—l— yn}

n

A(m;—n),(ap)  ; .
ptmEgm x|t
A(m; 14+ a+np), (b,);

A+ pun) M{a+ (B+ 1)n+ 1}
+B+1n}T(n+1) T{a+Bn+1}

o () feoe

Mg

. mjll P (4.2.2)
” +a+np+g—
L () e
i=1 r
Using Gauss’s multiplication theorem (2.1.9) in above equation, we get
o [%] T n
Qo3 3 O ) (e (@i ()], o

(a+1)ns (L +a+n8)m [(by)]r r! n!
Now applying summation identity (2.1.10) and then simplifying further, we get

— (@ mgne (@)l 2" (=)™ = {a+ (B+ Dmr}(A + pn + pmr)
—o (@ + Dmsr1yr [(0g)]r 7! s {fa+ (B+1)mr+ (8 +1)n}

(a +(B+1)mr+ (8 + 1)n)tn

n

Q:

(4.2.4)

Now using first modified Gould’s identity (2.1.7),we get

& = m(ﬁ-i-l)r ap)lr z" (_t)mr m(B+1)r
10 Y e e (O

. [A + (,umr + uC{a<+1 (_B;Ol)mr})} (4.2.5)

Simplifying it further and using equations (2.1.3),(2.1.4) and (4.1.2), we get

o o Gy e [ap)le 2™ (=0)™
Q=X(1+¢) ; <(ﬁ <;+1) SRR

r=
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1yt G (ol (st +1), # O™
1— a
1=50 5 sy TIGESY + 1) (0l (m(<i1)>r r
after solving it further,we get the desired result (4.2.1).

(4.2.6)

4.2.2 Second Generating Relation:

If any values of variables and parameters leading to the results which do not

make sense, are tacitly excluded, then

o0

(A + pn) o n
EZ&%#6+1 y@km@ﬂm%Mﬂ

A %7 (ap);

= (1+¢)" ap-HFq-H r(—=¢)"
L+ miin (bo);

o Cor :
ay), 3 + 17
N uC (ap) m(B+1)" (B+1)(1+m(—pC) (=)™ (4.2.7)

= LF
1 — p+247q+2 €]
(1 =50 (by), 7+ L marme o

(B+1
where

C=t1+Q :(0)=0
provided that involved series on both sides are absolutely convergent.
Here Pathan’s generalized hypergeometric polynomials of one variable %7(;1,5 ) (x;m, A, 1)
are given by (2.2.8).
Independent Demonstration:
Using the definition (2.2.8) of Q%’T(la”g)(:v; m, A, 1) and then the power series form of
pim+1Fg+m+1[2] in left hand side of equation (4.2.7),using Gauss’s multiplication
theorem (2.1.9) and result (2.1.21),we get

A+un o n

[]

A+ pn+p(B+Dr — pmr] (=n)m Do+ n(B8+1)} [(ap)]r 2" t"
MNa+nB+1+mr} [(by)], r! n!

n=0 r=0
(4.2.8)
Now applying summation identity (2.1.10) in above equation then simplifying

further, we get

= )] 2 (—)" {a+ (8 + DmrY\+ pn + p(8+ 1)r)
= Z[a+m(5+1 [q T‘Z {a+ (6 +mr+ (8 +1)n} |
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'(oz +(B+1)mr+ (8 + 1)n)tn

. (4.2.9)

Now using second modified Gould’s identity (2.1.8),we get

— [(ap)]r 2" (=)™ (14 ¢

N = (40" T D)
. {A+ (u(ﬁ+ Dr+ = i ){a+m(5+ l)r})} (4.2.10)

Now using equations (4.1.1) and (2.1.23) in above equation and summing it up

into hypergeometric form further, we get the desired result (4.2.7).

4.3 Known Applications of First Generating Re-
lation (4.2.1)

(i). Putting A = 1, u = 0 in equation (4.2.1), we get

2 T gy e
x at(Brimy Alm=n)la) 5
Z 5+1 ) < n )“m T A+ o+ nB), (by); t
4O uFi miorn (@); x(()m] (4.3.1)
1+ (5+1) (b );

¢=t1+¢"" :¢(0)=0

which is the more simplified form of a result of Srivastava [117,p.366(7.3.19)].

(ii). Putting A = 1, = 0 and m = 1 in equation (4.2.1), we get

> a a+ (B+1)n — . (a) |
;{a—l—(ﬂ-i-l)n}( n )pHFqH [ 1+ a+np, (by); ]t

=14+ pt1 +1[ waTD’(ap);) g;g] (4.3.2)

1+ﬁ,(bq'

¢=t1+¢)"" 5¢(0)=0
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which is the result of Brown[6; see also 126, p.407, eq.(2.3)].

(iii). Putting A = 1, u = 5“ in equation (4.2.1), we get

= cw+ﬁ+i)> » Alm;—n), (@) 5 | .,
Z< P A+ o+ nB), (b);

n=0

wrm (@) 5| B+
L+ ey (Ba); =

(1 + O p+1

mprny (@), 1+ iy m
'p+2Fq+2 (o (C—H) ( C)

_aC .
L+ gy (b)) mey

After further simplification,we have

0 (a+1) a,)
;Hé‘“’ﬁ’(x;m)t"z%pﬂ Eb:;;a—om (433)

C=t(1+¢)" ;¢(0)=0
which is the known result of Srivastava [106, p.975;see also 107, p.233, eq.(12)].
(iv). Putting A = 1, u = ’BH and m = 1 in equation (4.2.1), we get

i (oz + (B + 1)n>p+1Fq+1 —n,(ap) ol

n=0 n 1—|—O{+nﬁ, (bq)7

4 (ap); (B+1)¢(1+¢)*
( +C) 1L (B+1) —xC| + .
’ 1+ 25, (by) (1-5¢)
.p+2Fq+2 (B?rl)’ (Clp> 1+ (Cof1). B mc
]- + (Bil)’ (bq)’ %a
(a+1) :
(1 + C) 1 F (ap) v .CEC (434)

= /1 o~ rhag
(1=5¢) (b) ;
¢=t(1+¢)"™ ;¢(0)=0
which is the known result of Srivastava[105,p.591,eq.(9); see also 97, p.390].

(v). Putting A = 1,u = 0,5 = _71, m = 1 and replacing ¢ by U in equation
(4.2.1), we get

e

n=0

N - o+ -n,(a) 5 |
f(> § n( 2)+1F+1 . x|t
2 n 1+ 5

n=0 @ — 5, (bq)a

l\3|3
w
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o 20  (ap);
= (1 + U) p+1Fq+1 —xU (435)
14 2a, (by);
where U = £{t + V12 + 4}
This is well known Brown’s result[7, p.265, eq.(8)].
(vi). Putting A = 1,4 = i,ﬁ = ’71, m = 1 and replacing ¢ by U in equation
(4.2.1), we get

Zf(a) i( ) Fo —n, () ‘;x " - (14U

n=0 n=0 I+a 57 (bq>a
20, (ap) U(l+U) 2, (ay), 1+ 25
-p+1Fq+1 P —xU + ﬁp+2 q+2 p 1;_[5] —zU
14 2a, (bq); 2 1+ 2, (bQ)’(UTl)’
1 atl ap);
_ %p[:’q (@) _ oy (4.3.6)
(1+50) (by):
where

t —

It is also a well known result of Brown[7, p.264, eq.(7)].

4.4 Some Special Cases of Generating Relation(4.3.2)

(i). Taking p = 0 = ¢ in (4.3.2), we get

g{aﬂgﬂm}(wwﬂ)n)ﬂ R

n

1+ o+ np;
=1+ 1/ (BHL C—a( (4.4.1)
R
Now using the definition of generalized Laguerre polynomial (2.1.12) and solving
we obtain
Z T+ 5 1) }L%”ﬁ”) (@)t" =1+ FR | T | (44.2)

1+ 5y
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In equations (4.4.1) and (4.4.2),¢ is given by the equations (2.1.3),(2.1.4). It
is the known generating relation of Brown[8, p.27; see also Sharma and Abio-
dun 94, p.384;Srivastava 110, p.573]

(ii). In equation (4.3.2),putting p=1,q=0 ;replacing = by (1—7:5)’ B by b and
¢ by &, we obtain

- o a+ b+ 1)n —n,a 5 (1—x)| ,
2 T ) no ) > |t
n=0 1+a+ bn;
54T @1 —1
= (148 ,F | U g% (4.4.3)
1+ b+_1;
where £ is a function of 't’ . defined implicitly by
E=t1+&" ;¢0)=0 (4.4.4)
Putting a; = 1+ a + § in above equation and using eq.(2.1.15), we get
Z (0} P”Sa-ﬁ-bn,ﬁ—(b-i—l)n) (l’)tn _ (1_’_§)a ) b+1” 14+ a+ ﬁ ) (33 — 1)5
—~{a+ (b+1)n} 14 o ' B

b+1 !
(4.4.5)

where ¢ is given by equation (4.4.4).
(iii).In equation(4.3.2), putting p = 1, = 0,a = a,8 = b, replacing z by =
and ¢ by &,we find

- a a+(b+1)n —n,a; ;2 n a
Y T nTd ( ( >>2F1 | = g
=0 CL+< + )n} n 1+a+bn7 — X
a2
oF | P S (4.4.6)

14 5o (@1
where

E=t(1+&®; ¢0)=0

Replacing a; by —a and then a by —« — f — 1,and using eq.(2.1.16), we get the

following result

o) (Of + 6 + ].) 2 n . )
nzzo{a‘i‘ﬁ—f—l—(b—i—l)n}(l_x) Py (2) ¢
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_ (ap+1)

_ —(a+B+1) b1 0 & 28
(1+¢) 2 Fy |G | o) (4.4.7)
b1 g
where
§=t(1+8"; £(0) =0
Now replacing ¢ by t(l;zx) and & by w,we find
= 1
Z { (Oé iﬁ_+b ) - PT(La—n ,B—bn—n) (I) g
—{a+pB+1-(b+1)n}
(a+8+1) .
_ (ot A1) T T 2w
(14 w) 2 F s @=1D) (4.4.8)
b1

where
(1—m)
2

w(z,t) =t (1+w)™; w(@,0)=0

(iv). putting p =2, = 1,8 = b,a; = 1+a+,as = v and by = o and replacing
¢ by ¢ in equation (4.3.2),we obtain

s oY <a+(b+1)n) —n,1+a+p,v; n
E 3F2 x|t
“—~{a+(b+1)n} n I+a+nb o ;

= l+a+ 8, v

= (146 3k | " 0 —x¢ (4.4.9)
1+35, o0

where ¢ is given by equation (4.4.4).

Now using equation (2.1.20) in above equation,we get :

(a+bn, B—bn—n) [l/, o, Q?]tn

;{a—i-(b—l—l)n} "

e Lta+ B, v

= (L+ &) 31 " x(=¢€) (4.4.10)

(8] .
Lrpn o

where¢ is given by equation (4.4.4).
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4.5 New Applications of First Generating Re-
lation(4.2.1)

(i). Putting 3 = 0 and ¢ = © = & from equation (2.1.24) in equation (4.2.1),

we obtain

(A +pun) (a+n I A(m;—n), (ap) n
pRGRaLLY Chgl) N o
o (atn) \n A(m; 1+ a), (by);

A Q’ a ) _t m
=1 =67 —pr1fyn " (@) (—)

1 + %7 (bq)7 1 —1
t 2142 (ap); < —t )m
+ F, —_— (4.5.1)
(1_t)p+2 q+2 1+E’m’(bq); 1+

(ii). Putting S =1 and ( = A = S —— 0 from equation (2.1.25) in equation
(4.2.1),we find

(A +pun) fa+2n A(m; —n), (ap) ; n
Z p+qu+m x| t

=R CEEORN A(mi 1+ a+ 1), (by);
A im’ (a ) ; m
= (L+A)" aerquJrl ’ ap z (—A)
A s 1+ i (@)
+(1M_—A) praFy | 7 (211) T a(=N" (4.5.2)
+ 5 miaaTy (0g);

(iii). Putting f = —2and ( = = = mAVASE V2(1+4t)fron1 equation (2.1.26) in equation
(4.2.1),we obtain

(A +pun) (a—n 7 A(m;—n), (ap) ;x "
;@—m( n )”’” S DNE R

A wolap)y
(1+E5) p+1Fgi N " z(—E)
- m? (blI)7
= Tt wEm (@)
+(1fi—2:) pralyi . L‘EH) (=g (4.5.3)
- L= wE (bg);
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(iv). Putting 5 = —3 and ¢ = T from equation (2.1.27) in equation (4.2.1), we

get

(A +pun) (a—2n A(m; —n), (ap)
Z p+qu+m

x| t"
n:O (o —2n) n A(m; 1+ a —3n),(b,);

A __737 (CL )’ m
=({1+71)” EPHF‘IH 2a ! (=)
1 2m (bq)7
T 21+ -2 (a,);
+(14/i—3”f) proFyia | 77 e () z(=1)" (4.5.4)

a aY .

L — 50 e (ba);

(v). Putting # = 5+ and ¢ = U from equation (2.1.28) in equation (4.2.1), we
get

o0

A+ /m a+3n A(m; —n), (ap) "
E prmFgtm z| t
— (o + n n A(m;l—i—oz—%n),(bq);

A 22 (a,); .
= (1+0)"{ —piiFpn Y a(=U)

W , (ap); H(—U)"

2a alU .
L+ 33 o (ba);

mmﬁqw (4.5.5)
2

(vi). Putting 8 = 52 and ¢ = ¥ from equation (2.1.29) in equation (4.2.1), we
get

o)

A+ pun) (a—in A(m; —n), (ap) ; n
SOt (amgn) e o
o \@— 3n) n Alm;14+a— %n), (by);
et A %’ <a' >’ m
=1+ 0)" ) —prify . T a(—w)
o (bq>’
—2a
p A+ S (); m
+ praFyie (=) (4.5.6)
(1_'_ \Ij) - 2:;%7(1%);

(vii). Putting # = 5 and ¢ = II from equation (2.1.30) in equation (4.2.1), we

get

o0

(A + /m <a + %n) A(m; —n), (ay) ;
Z p+qu+m

e (o + n n A(m;l—i—oz—%n),(bq);

x| t"

A 3o (ap); .
=T S F | ()
I+ 5 (bq);

2m’?
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ol 1+ il (@)

L F..,
14 L Pt et 30 _ all :
(1+310) 14 fo, el (by);

(viii). Putting 8 = 5 and ¢ = ® from equation (2.1.31) in equation (4.2.1), we

+ —m™ (4.5.7)

get

o0

(A4 pun) (a+ in A(m; —n), (ap) ; "
Z ﬂ < ’ )p+qu+m ’ |t

e (o + n n A(m;l—i—oz—%n),(bq);
A 32 (a,); .
=1+ o)~ ap+1Fq+1 . i x(—P)
1+ o (bq)7
d 3a , 1+ ap,);
b | T ) g (458)
( +§ ) 1+Ra7 m(%+1)’(bq);

4.6 New Applications of Second Generating Re-
lation (4.2.7)

The following Generating relations of this section are believed to be new in au-
thor’s knowledge and are not available in the literature of Generating relations.

(i). Putting A\ = 1,4 = ’8“ in equation (4.2.7),using the definition of B ( m, 1, 21L)

”oz

and after simplifying, we get

= fa+(B+1)n Ami=n), 1+ GiE @) |,
> n prmtiForm ot (f+1)n de
n=0 A(mv 1+ a+ /B n)» (B+1)(B+1—m)’ (bQ)§
L’ ap);
= (14+Q)* § pr1Fynt m(ﬁzl) (%) z(=¢)"
L+ o (b);
a o .
L (B¢ sy | MO L+ e (%); 2(—C)™ (4.6.1)

(1—B) "7 4

where ( is given by equations (2.1.3) and (2.1.4).

ag .
m(ﬁ+1) (B+1)(1+m¢—BC)° (b);

(ii). Putting A = 1,4 = %, m = 1 in equation (4.2.7) and using the definition
of z%(f’ﬁ)(x; 1,1, %), we get

0o o 1)n

a+—5+U - —n, T4+ SHELR (@) |
Z P25 a+2 a+(B+1)n r|t
n=0 L+a+8n, =g (by);
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7 (@)
=1+ pr1Fgi (B+1)> 7P —x(

1+ (611)7 (bQ)7
GRS F L+ mrties (W)
= pg) e y — ¢ (4.6.2)
1+ (/3+1) (B+1)(1+¢—BC) (bq)S

where ( is given by equations (2.1.3) and (2.1.4).

(iii). Putting A = 1,pu = 2104,5 = 5, m = 1 in equation (4.2.7),using the
definition of ,% - 2)(;1:, 1,1, 5 5o) and replacing ¢ by U from equation (2.1.28), we
get

> n —n,1 —4a —2n,(a,);
Z(Oé;: >p+2F ( p) 2|

=0 1+a—3,—4a—2n, (b))

I

2a, (ap)§

=1+ 0)" S ps1Fyia —aU
1 + 20[7 (bq)a
U 20,1+ s ,(CL );
—f—m p+2Fq+2 (24—;3;]) —axU (463)
1+ 20, i, (bg);

(iv). Putting 8 =0 and { = © = 75 from equation (2.1.24) in equation (4.2.7),

we get

(A +pun) (a+n A(m; —n), 1+ 248 (a,); "
Z—( a )< >p+m+1Fq+m+1 pl=m)? VP |t

0 (a+mn) n A(m; 1+ «a), %, (bg);

—a A %7 (ap); —t \"
=(1-1) ap—HFqH — o 1-¢ +

t o+ ey (a); -t \"
10 P =y () x(l_t) (4.6.4)

1—¢) P2t a o .
( ) 1+—>{1+t(t—,)}7(bq)7

(v). Putting f =1and ( = A = ——— U from equation (2.1.25) in equation
(4.2.7),we get

(A A+ un) (a4 2n A(m; — )1+/\W£>(a)§ "
Z ( >p+m+1Fq+m+1 u(2=m) x| t

(o + 2n) n A(m;1+a+ n), M/\(;rfrz)? (bg);

A 5 (ap)
= (1+A)" —pr1fon ’ " (=)™
a 1 + 5 2m ) (bQ)7
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ph 5o L+ Sy (0); m
mprquz 2 i (HAQ A z(—A)
L+ 50 2(1+mA—A)’ (b);

+ (4.6.5)

(vi). Putting f = —2and ( == = 1 —— 1) from equation (2.1.26) in equation
(4.2.7),we get

—~ (A +pun) fa—n A(m;—”)ﬂ—%( p) n
Z (Oé—n) n p+m+1Fq+m+1 —(pn) x| t
=0 A(m;1+a—2n), =y . (bg):

A o (ap) o

(1+2) pr1Fg ap =)
I m (bq)’
= =2l - =2 (ay);
w= m m=+22)" ’ —\m
+mp+2Fq+2 . (115;2 T a(-E) (4.6.6)
- ==, my(bq);

(vii). Putting f = —3 and ( = T from equation (2.1.27) in equation (4.2.7),we
get

00 . (Atpn) .
Z (A +pn) (a — 2n)p+m+1F _— A(m; —n), 1 - M(Q-ﬁm) (a); sl
A s (ap) 3
A E TS B
1- %7 (bl])a
T | 70{7 1 - L )
+M—p+2Fq+2 2m 2 (14mY+3Y) ( ) I’(—T)m (467)
(1+37) 1— o =l __ (p,);
L 2m’ 2(1+mY+3T)’ )

viii). Putting 8 = % and ¢ = U from equation (2.1.28) in equation (4.2.7),we
2

get

[e.9]

AMpun
A+Mn a+in A(m; —n), 1+ 220, (ap); n
Z p+m+1F +m+1 A+ t !
(a+in)\ n A(m; 1+a——n),—1—(7“"),(bq);

n=

A 2 (a) m
=(1+0U)" ap+1Fq+1 P z(=U)

1+2ﬁa7(bq);
2_a 1+ 2Ua (CL )
pU ' 1+mU+LU)’ \"P) m
gy el e =) (1638)
2 I+ mam’(%))
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(ix). Putting 8 = 5% and ¢ = U from equation (2.1.29) in equation (4.2.7),we

get
oo . _ (Atpun) .
(A+un) (o —3n 7 A(m; —n),1 (L m)’ (ap) ; o
Z —(a — ln) n p+m+1Lg+m+1 ' 5 Ovtpan) ' T
n—=0 2 A(m,1+a—§n),—m,(bq),
A i%g’ (a >’ m
= (1+¥)" aerlF +1 o P (=)
T mo (bq)a
—2a 2V«
Y o L o (ap);
a (Lemu3w) 207 (gym (4.6.9)

+ 3 pr2For2
14+ 307 20 —2Va .
( ) 1 m’(1+mx1/+§qz)’(b );

(x). Putting = 5 and ¢ = II from equation (2.1.30) in equation (4.2.7),we get

- )\—I—,un a+2n A(m;—n), 1+ /(\ﬂm) (ap); "
E pmt+1Fgmat o x|t
= (a+ i\ 0 A(mil+a—gn), 2405, (by):
3
A 22 (ap) .
=1 +ID% Q —priFym ’ 3; x(—II)
+ 2m7(bq)7
3a 3l
I1 Lt s m T (@)
+—F 2 2(Lmlls gl P2 pym (4.6.10)

e F.,
IS TI R 30 31la :
( 3 ) 1_%2nﬂ ﬂ1+mH+ Hw(b)’

(xi). Putting 8 = 5 and ( = ® from equation (2.1.31) in equation (4.2.7),we

AMun
)\+;m o+ in A(m; —n), 1+ (;Lumy(%); n
Z prmt1Fgmin x|t

Zatgn)\ n A(mi1+a = 3n), 220, (by);
A 2 (ap);
=1+ 2)% ¢ —piFyn ; (Z) z(—®)"
1+Ra7 )
3a 3Pa
o o+ (TFmo+ 28) (ap);
TRL SN (Lbmat 50)2 00 pym (4.6.11)
(1+359) 14 3a 3% (.

nz’(l+4n©+—%@)’
Making suitable adjustments of parameters and variables in all generating re-

lations of section 4.5 and 4.6, we can also obtain a number of new generating
relations involving restricted generalized Laguerre polynomials, restricted Jacobi
polynomials, restricted generalized Rice polynomials of Khandekar and other

orthogonal polynomials.

Kokoskoskokoskoskokokok
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Chapter 5

Some Transformation,Reduction
and Summation Formulae
Associated With Hypergeometric

Polynomials-1
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5.1 Introduction

In this chapter,we have introduced five new transformations for Srivastava-Daoust
double hypergeometric polynomials with -1,4+1 arguments using Beta integral

1
technique in the evaluation of the integral / (1+2)°(1 —2)° PP (z)dx by dif-

ferent approaches. A summation theorem fo?lhypergeometric polynomials 5 Fy(1)
in terms of Pochhammer’s symbols,some special cases of main integrals and six
reduction formulae for hypergeometric polynomials 5Fy(—1) in terms of hyper-
geometric polynomials 3F5(1), are also deduced.

The Jacobi Polynomials of first kind pled) (x) are defined by the following equa-
tions [85, p.254 (132.1,132.2,132.3),p.255 (132.7,132.8,132.9), p.274(142.5)]:

1+a)nF -n,l+a+B+n; 1 -2

Péa,m(x):( prRLd - 5 (5.1.1)
! o :

1 n 1\" —n,—f—-n ; xr—1

:( +a), (T+ R B x (5.1.2)
n! 2 l4aq :x+1
—1)"(1 + B), —n,l+a+8+n; 1+zx

_ )Eu O g o y (5.1.3)

. + ;

_ (Ltat B (o= 1N" oo mmma s 2 (5.1.4)

S nl(1+a+ B 2 2 —a—f—om 17 o
1+8), [z—1\" -n,—a—mn ; r+1

_ nlﬁ) < . ) P .5 (5.1.5)
: 1+p5 5+~

_ (bad o (1" o s 2 (5.1.6)

Callta+Ba\ 2 ) T La_pgon o+ -

(1+a)n = (D" H B = a)ui(l+ a+ Blasr(1 +2a)5(1 + 20 + 2k)
(1+a+B)n (n—F)N(L + 20)pppr1 (1 + )i

k=0

P (1) (5.1.7)
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where n is a non-negative integer.

An integral reducible to Beta function [85,p.31, Q.no.7]

'Klﬂ—xylﬂ+@qsz?”lB@ﬂ%:??wﬁéyw (5.1.8)

where £(p) > 0, R(q) > 0.
Gauss summation theorem [85,p.49, Th.18]

L)' (c—a—0)

Fi(a,b;c;1) = 5.1.9
2filabial) = 5o SR =) (5.1.9)
(R(c—a—1b)>0; ce C\Zy)
Saalschiitz” summation theorem for terminating series [85,p.87, Th.29|
- n - b n
Jy—mmmq1+a+b—c—nﬂy:@ Wnlc =) (5.1.10)

(¢)n(c—a—D),

(nENO; c,1+a+b—c—n,c—a+n,c—b—|—n,c—a—bE(C\ZO_).

Summation Property[117,p.103(2.1.18)]

3
:
??‘

§:§:¢Tk " o,k +7) (5.1.11)

k=0 r=0

:v
o
<
|
<)

One definite integral [83,p.7(4.1)]
/“ 20D (b + D) (a+n + 1)I'(b— B+ 1)

1 (1 —2)*(1 +z)° PP (2)dx = T—f—nt D{atbtnt2)

(5.1.12)

where ®(a) > -1,  R(b) > —1.
Srivastava-Daoust Function[116,p.37(1.4.21,1.4.22,1.4.23)]

A further generalization of the Kampé de Fériet function is due to Srivastava
and Daoust who indeed defined an extension of Wright’s ,¥, function in two
variables. More generally, we recall here the following extension of the Wright
function ,¥, in several variables,which is referred to in the literature as the
generalized Lauricella function of several variables;it is due also to Srivastava

and Daoust [113, p.454]:

(@) 87, 0] (67 5 (0 : 6]
C : D' ;..; D) 21y 20

[(c) s/ ™ [(d ) = 85 . 5[(d™) - 0™
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o0

Z'{nl Zmn
= > Qm,..., m")mll e (5.1.13)
mi,..., Mp=>0
where, for convenience,
A B’ B(n)
/ (n)
H<aj)m19;+-~+mn0§.”) H(bj)m1¢§ o H<bj )mnqb;n)
=l j=1 J=1
Qmy, ..., my) = - p ) (5.1.14)
H(Cj)m1¢;+‘..+mn¢]<n> | J [CATARE H(dﬁ" -
j=1 j=1 j=1
the coefficients
H(k), =1,..., 4 (.k),'zl,...,B(k); (.k),'zl,...,C;
J(k) (k;bﬂ / Vi (5.1.15)
6, ,j=1,....,D%; ¥V k €{l,...,n}
are real and positive, and (a) abbreviates the array of A parameters ay, . .., a4, (b))
abbreviates the array of B*) parameters
(k) - _ (k).
by j=1,....,B"V k €{l,...,n}
with similar interpretations for (c) and (d®),k = 1,...,n;et cetera.For the pre-

cise conditions under which the multiple hypergeometric series in the definition

(5.1.13) converges absolutely,see[ 37, Section 3.7 ; 38, Section 1.4; 114, pp.153 —

157, Sections

3,4,5].

Clausen’s hypergeometric series

Putting p = 3,¢ = 2 in equation (1.3.3),we get Clausen’s hypergeometric series.

Kummer’s confluent hypergeometric series

Putting p = 1, = 1 in equation (1.3.3),we get Kummer’s confluent hypergeo-

metric series.

Gauss’s hypergeometric series

Putting p = 2,¢ = 1 in equation (1.3.3),we get Gauss’s hypergeometric series.

Watson’s theorem for terminating and non-terminating series [117,p.95, ).26;see

also 2, p.16]
a,b,c;
3b atb+1 -
o 26;




(R(c—2—2%) > -1, 1aath 90 € C\Zy).

27 2

Dixon’s theorem for terminating and non-terminating series [85, p.92, T'h.33]

. a, b, ¢ Fl4+a-bT(1+a—-c)T(1+5T(1+5-b—c)
3172 = a a
l+a—b1+a—c F1+5-0I'1+§—-ol(l+a)l(1+a—-b—c)
(5.1.17)
(R(a—2b—2¢c) > -21+a—b1+a—ceC\Z)
Whipple’s theorem for non-terminating series|2, p.16]
a, b, c; L(¢g)T
3F2 = 2—1 a+gﬂ- (a-gi)f (f)b+g bt f (5118)
9. f; 2T (HHI(FH)0(EOT(H)
(R(e) >0; a+b=1, g+ f=2c+1; g, f € C\Z;)
Whipple’s theorem for terminating series
—-m, a, 1— a; ate catl
3F2 - ( QC)m (c+? )m (5119)
c,1—c—2m; (é)m (T)m

(m € Np; ¢, 1 —c—2m, etek2m loatet2n ¢ C\77).

5.2 Transformations For Srivastava-Daoust Dou-

ble Hypergeometric Polynomials

If n is non-negative integer and any values of parameters leading to the results

which do not make sense, are tacitly excluded, then

[—n: 1,1], [a—i—%:l,l], [a+p+n+1:1,1], 2a+1:1,2]:

a+1:11], [a=B-n+1:1,1], 2a+n+2:1,1]

; [c+1:1] ;

1,1
sl+a: 1], [e+b+2:1];
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[—n: 1,1, o+2: 1,1, [a+B+n+1:1,1], 2a+1:1,1],

_prll
[a+%:1,1], [a—F—n+1:1,1], 2a+n+2:1,1],
[a+1:1,1]  :b+1:1];[c+1:1];
~1, 1 (5.2.1)
c+b+2:1,1]: [a+1:1];[a+1:1];
[—n: 1,1, [e+2: 1,1, [a+B8+n+1:1,1], 2a+1:1,2]:
=Fylos
a+1:1,1], [o—B—-n+1:1,1], 2a+n+2:1,1]
; b+1:1] ;
1, —1 (5.2.2)
s[l+a:1], [c+b+2:1];
[—n: 1,1, [e+2: 1,1, [a+B8+n+1:1,1], 2a+1:2,1]:
WY
a+2:11], [o—B—n+1:1,1], 2a+n+2:1,1]
[c+1:1] ; ;
1, —1 (5.2.3)
1+a:1], [c+b+2:1]; ;
[n: 1,1, e+2: 1,1, [a+B8+n+1:1,1], 2a+1:1,1],
=F

[Oé‘i‘%:lal]a [Oé—ﬁ—n—l—lil,l], [2a+n+2:1’1]’

[@+1:1,1] :je+1:1];b+1:1];
1, —1 (5.2.4)
c+b+2: 1, 1]:[a+1:1];[a+1:1];
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[—n: 11, e+2: 1,1, [a+B8+n+1:1,1], 2a+1:2,1]:

a+1:1,1], [0a—B—-n+1:1,1], 2a+n+2:1,1]

b+1:1] ;

~1,1 (5.2.5)

M4+a:1], [c+b+2:1]; ;

Proof:- Comparing the integral (5.4.2) with the five integrals (5.4.4), (5.4.6), (5.4.8),
(5.4.10) and (5.4.12),we can obtain the above five hypergeometric transforma-

tions associated with Srivastava-Daoust double hypergeometric polynomials.

5.3 Summation Theorem For Hypergeometric
Polynomials ;F(1)
Comparing equation (5.1.12) with the equation (5.5.2) and using some algebraic

properties of Pochhammer symbols,after simplification, we get the following sum-

mation theorem:

—n,a—b20+lLa+3a+f+n+1 (20 +2)n (8 — b),,
2a+n—|—2,a+b+2,a+%,a—ﬁ—n+1; (@+b+2)n(8—a)
(5.3.1)

where n is non-negative integer and remaining numerator and denominator pa-

rameters are neither zero nor negative integers.
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+1

5.4 Evaluation of the integral / (1 + 2)°(1 —
-1

2)°P'*?)(z)dz using the definition of P,ga’a) ()

In each of the following results, any exceptional values of the parameters and
variables, which would make the results invalid, are tacitly excluded.
+1

{A,(b,c,a,B) } 7! / (1+2)°(1 — z)°P? (z)dx

-1

(DR (=n)ea+ Dg(a+ 3)p(a+ B8 +n+ 1)k —k200+k+1,c+1; .
= 342
Kl 2a+n+2)(a+ k(e =B —n+1) l4+a, c+b+2;
(5.4.1)

[—n: 1,1, o+ 21,1, [a+B+n+1:1,1], 2a+1:1,2]:

a+3: 1,1, [a=B-n+1:1,1], 2a+n+2:1,1]

; [c+1:1] ;

—1,1 (5.4.2)
sl+a:1], [c+b+2:1];

n

k(b4 1)k
b+c+2),

(=D (—n)p(2a + Do+ B+n+1), (a+3

- )
(

E' Qa+n+2)p(a—F—n+ 1) (Oé—l-%)k

k=0
—k,—a—k,c+1;

X3F2 1 (543)
1+ a, —b—k;

[—n: 1,1, e+2: 1,1, [a+B+n+1:1,1], 2a+1:1,1],

I
S
o
LS

[Oé‘i‘%:l’l]? [a—ﬁ—n—l—l:l,l], [2&+n+21’1]’

a+1:1,1]  :[b+1:1];[c+1:1];
1,1 (5.4.4)

c+b+2:1,1]: [a+1:1];[a+1:1];
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n

(—n)r(20 + D(a+ B +n+ 1)y (a+ 3 " —k20+k+1,b+1; 1
Hatn+2ua—B-—n+Dsa+" | 140, ctbt2:

k=0

(5.4.5)
[—n: 1,1, [e+2: 1,1, [a+B8+n+1:1,1], 2a+1:1,2]:
P
a+2:11], [@a—B—-n+1:1,1], 2a+n+2:1,1]
; b+1:1] ;
1, —1 (5.4.6)
s[l+a:1], [c+b+2:1];
k20 +n+ 2= B-—n+1)r  (b+c+2)
—k,—a—k,-b—c—k—-1;
X3F2 1 (547)
— 2a — 2k, —c—k;
[—n: 1,1, jo+2: 1,1, [a+B+n+1:1,1], 2a+1:21]:
PELS
a+i:11, [a=B-n+1:1,1], 2a+n+2:1,1]
[c+1:1] ; ;
1, —1 (5.4.8)
M4+a:1], [c+b+2:1]; ;
_ " (n)pa+Dp(a+B+n+ 1), (a+ 2)e(c+ 1)y
k(20 +n+ 2k =B —n+ i (a+ kb +c+2);
—k, —a—k,b+ 1,
X3y 1 (5.4.9)
l+a, —c—Fk;

[—n: 1,1, e+ 21,1, [a+B+n+1:1,1], 2a+1:1,1],

I
ik
o=
[l

[Oé'f'%:l?l]a [Oé_ﬁ_n—i_l:l?l]a [2a+n+21,1],
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a+1:1,1] :le+1:1]50b+1:1] ;
1, -1 (5.4.10)
c+b+2:1,1]:[a+1:1];[a+1:1];

(D (=n)pla+ B +n+ D+ 3)kb+ 1) 4*
K a+n+2)(a—8—n+1)pb+c+2);

k=0

—ky—o—k,—b—c—k—1;
3 1 (5.4.11)
— 20 — 2k, —b—k;

[—n: 1,1, o+2: 1,1, [a+B+n+1:1,1], 2a+1:2,1]:

et
a+i:1,1, [a—B-n+1:1,1], 2a+n+2:1,1]
b+1:1] ; ]
1,1 (5.4.12)
1+a:1], [c+b+2:1]; ;
where
—1)m2et I (p + 1T 1)(1 nl0 — Q)n
An(b,c,a,6)=( : Oy e DUL i)

n! T'(c+b+2) (2a+2),
(R(D) > =1, R(c) > —1).
Proof:- Applying first, the definition (5.1.7) for i () and then definition
(5.1.1) for Jacobi polynomials P,ga’a)(x) in the integral /+1(1+$)b(1—x)cP,§°"ﬁ) (x)dx,
expanding hypergeometric polynomial 5/ in series forrr;1 interchanging the order
of integration and summation, using the Beta integral (5.1.8), we get the result
(5.4.1)and applying the summation property (5.1.11) in the result (5.4.1) then
writing the resulting double series in Srivastava-Daoust notation , we get the
result (5.4.2).
Similarly, after using the definition (5.1.7) in pie? (x) in the integral

+1
/ (1+2)°(1—2)°P*?)(2)dz and then using the remaining five definitions(5.1.2),
-1

(5.1.3),(5.1.4),(5.1.5) and (5.1.6) of Jacobi polynomials in P,Ea’a)(x) in place
of the definition (5.1.1), we can evaluate the same integral in the forms of

(5.4.3), (5.4.4): (5.4.5), (5.4.6); (5.4.7), (5.4.8); (5.4.9), (5.4.10) and (5.4.11), (5.4.12)

respectively.
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5.5 Special Cases of Main Integrals

Case (i): Putting b = « in equations (5.4.1) and (5.4.7),applying Saalschiitz’
summation theorem (5.1.10) and putting b = « in equations (5.4.3), (5.4.5), (5.4.9)

and (5.4.11), applying Gauss theorem (5.1.9), we get

+1 N ¢ bl (=D 22t T e+ DI (e +n+ 1) (B — a),
/1 (1+2)%(1 — )PP (z)dx = Tatcr2)@ata), nl X

—n,a—c,2a+1,a+%,a+ﬁ+n—l—1 :

X5F4 —1 (551)

a+c+2,2a+n+2,a+%,a—ﬂ—n+1 :
(R(a) > -1 , R(c) > —1).
which is believed to be new and is not found in the table [26, pp.284 — 288].

Case (ii): Putting ¢ = « in equations (5.4.1), (5.4.3), (5.4.7) and (5.4.9),applying
Gauss theorem (5.1.9) and putting ¢ = « in equations (5.4.5) and (5.4.11),

applying Saalschiitz’ summation theorem (5.1.10), we get

1 X o pla, (= 22+ D (a4 n+ 1) (B — @),
/_1 (142 (1= a)* P a)de = T(a+b+2)(2a+2), nl

—n,a—b20+lLa+3a+f+n+1

x5 F) 1 (5.5.2)

a+b+2,2a+n+2,a+%,a—ﬁ—n+1;
(R(a) > -1 , R(b) > —1).

5.6 Reduction Formulae For Hypergeometric Poly-

nomials ;Fy(—1)

If n is non-negative integer and remaining numerator, denominator parameters

are neither zero nor negative integers, then

—n,a—c,2a+1,a+%,a+ﬁ+n—|—1 :
5F4 -1

a+c+2,2a+n+2,a+%,a—5—n+1;

—1)™(2 2 —n,a+pB+n+1c+1;
_ BV @at 2 g P 1 (5.6.1)

312
(B —a)n a+l,a+c+2 :
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(=)@ +1)u(20+2), —n, =B —n,c+ 1;

atcrD.(f—a), 3l Lo 1 (5.6.2)
(2a + 2), (1 + B), —n,a+B+n+1a+1;
= F 1 5.6.3
(T+a)u(f—a),”" B+ 1,a+c+2 : ( )
B 2a + 2)u(c+ 1)p(1 +a+ B P —n,—a—n,—c—a—n—1; .
B +a+Bala+e+2(l+ak” | _o_p _a—g—m ;
(5.6.4)
(c+1)n2a+2),(14 B), —n,—a—n,a+1;
= E 1 5.6.5
(@ Dalc+a+2uB=a)a” " | 148 —c—n - (5.6.5)
(—=D)"2a+2),(1+a+ B)an -n,—f—n,—c—a—n—1; .

T B+t Bulatce+2," 7| o n a5 om

| (5.6.6)
Proof:- If we solve the integral in the left hand side of equation (5.5.1)using the
definitions (5.1.1), (5.1.2), (5.1.3), (5.1.4), (5.1.5) and (5.1.6) of P\ () with the
help of the Beta integral (5.1.8), then we get six reduction formulae for hyper-
geometric polynomials 5Fy(—1) in terms of hypergeometric polynomials 3F5(1).
Remark:- It should be noted that we cannot find the sum of above hyperge-
ometric polynomials 3F, in terms of gamma functions, using Saalschitz’ the-
orem (5.1.10), Watson’s theorem (5.1.16), Dixon’s theorem (5.1.17), Whipple’s
theorem (5.1.19) and other summation theorems available in the literature of

Special functions.

kokokokokok skook sk k
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Chapter 6

Some Transformation,Reduction
And Summation Formulae
Involving Hypergeometric

Polynomials-11
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6.1 Introduction

The main object of the present chapter is to establish another five new trans-
formations for Srivastava-Daoust double hypergeometric polynomials with -1,4-1
argliments using Beta integral technique in the evaluation of the integral

/ : (14 2)°(1 — x)°P®P(z)dz by different approaches.Along with it, A sum-
m_zjtion theorem for hypergeometric polynomials 5F,(1) ,some interesting special
cases of main integrals and reduction formulae for hypergeometric polynomials

5F4(—1) in terms of terminating series 3F5(1) and truncated series oF}(1), are

also deduced.

The Jacobi Polynomials of first kind P{*” (x) is defined by the following one
more equation [85, p.275(Q.5)]:

n

P(a,ﬁ)(m) _ (1 + a)n Z (_1)nik(6)n—k(1 +a+ B)R-i-k(l + o+ 2k) P}ga,o)(x)

" <1+Oé+/8)n =0 (n—k)'(1+a)n+k+1
(6.1.1)
where n is a non-negative integer.
Terminating hypergeometric series
Terminating hypergeometric series is defined by
n
—N, A9, . . ., Gy (—n), (ag)y ... (ap), 2"
F, z| = —, (6.1.2)
pP-q bbe’...,bq; TZ:; (b1>r <b2)7’ (bq)'r 71!
where n is non-negative integer and (as, ..., ap, b1, ..., b, € C\Zy).
Truncated hypergeometric series
Truncated hypergeometric series, denoted by ,Fy (2], , is defined as
ag, ..., O " (ar)y () ... (), 2"
S ” :Z( Ve (02)r - )y 27 (6.1.3)

BL,.... B — (B1)r (Ba)r o (By)r 1!

n

(a1, ..., ap B1, ..., B, € C\Zg).

When n — oo, it reduces to the non-terminating hypergeometric series (1.3.3).
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6.2 Transformations For Srivastava-Daoust Dou-

ble Hypergeometric Polynomials

If n is non-negative integer and any values of parameters leading to the results

which do not make sense, are tacitly excluded, then

[—n: 1,1, (2211, a4+ B8+n+1:1,1], [a+1:1,2]:

Fylos
[ 11, 1-F—n:11], [@+n+2:1,1]
; lc+1:1] ;
11
sl+a:1], [c+b+2:1];
[—n:1,1], 211, @+ B+n+1:1,1], [a+1:1,1], [1:1,1]:
3T
[ L1, [1-B—n:11), a+n+2:1,1], [c+b+2:1,1]
b+1:1];[c+1:1];
1:1]5[a+1:1] ;
[—n @ 1,1], [O‘Twzl,l], [a+pf+n+1:1,1], [a+1:1,2],[1:1,1]:
YE
(1), 1B —n:11], [a+n+2:1,1], [a+1:1,1]
; b+1:1] ;
s[1:1], e+b+2:1];
[—n: 1,1, 2211, a4+ B8+n+1:11], [a+1:21], [a+1:1,1]:
_F5:1 0
- 3:2;0

(4211, 1-B-n:11], [a+n+2:1,1]
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[c+1:1] ;
1, —1 (6.2.3)
M4+a:1], [c+b+2:1]; ;

[—n:1,1], 2211, o+ B+n+1:1,1], 1:1,1], [w+1:1,1]:

=F o
[ 11, 1-B—n:11, [a+n+2:1,1], [c+b+2:1,1]
[c+1:1]5[b+1:1];
1, -1 (6.2.4)
[a+1:1]5[1:1]
[—n: 1,1, (211, e+ B+n+1:1,1], [a+1:2,1], [1:1,1]:
— 4:2;0

(L1, [1-B—n:11], a+n+2:1,1], [a+1:1,1]

b+1:1]

~1,1 (6.2.5)

1], [c+b+2:1]; :

Proof:- Comparing the integral (6.4.2) with the five integrals (6.4.4), (6.4.6), (6.4.8),
(6.4.10) and (6.4.12),we can obtain the above five hypergeometric transforma-

tions associated with Srivastava-Daoust double hypergeometric polynomials.

6.3 Summation Theorem For Hypergeometric

Polynomials 5F)(1)

Comparing equation (5.1.12) with the equation (6.5.2) and using some algebraic
properties of pochhammer symbols,after simplification, we get the following sum-

mation theorem:

—n — a+3 .
" batl5Bhatfantl s (et 2B —bn (6.3.1)
atn+2,a+b+2,9% 1 -5 —n; (a0 +b+2),(B)n
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where n is non-negative integer and remaining numerator and denominator pa-

rameters are neither zero nor negative integers.

+1

6.4 Evaluation of the integral / (14 z)°(1 —
-1

2)° P9 (z)dz using the definition of Pk(a’o) ()

If any values of parameters leading to the results which do not make sense, are

tacitly excluded, then
+1
(W0 1 [ (a0 0 R s
—1

= D ) (@ D () (a+ BAHn+ 1) “hatktletl;
= Rla+tn+2s (5 0=8-nk " | 140, ctbt2
(6.4.1)

[—n: 1,1, (42 L), a4+ B8+n+1:1,1], [a+1:1,2]:

(e 1, 1= —n:1,1, [a+n+2:1,1]

; [c+1:1] ;
-1,1 (6.4.2)

sl+a:1], [c+b+2:1];

S (D k(o Delat B+n+ Dy (5520 +Dr
~  Kl(atn+2s(1-B8-n)  (Fb+c+2)

-k, —k, c+1;
X3F2 1 (643)
1+a, —b-—k;

[—n: 1,1, (42 11, @+ B+n+1:1,1], [w+1:1,1],

|

S
o
LS

(e 11, 1= B —n:1,1], [a+n+2:1,1],
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1:1,1] :b+1:1]5[c+1:1];
1,1 (6.4.4)
[c+b+2:1,1]:[1:1]5[a+1:1];

S (et B+n+1), (P —k,a+k+1,b+1;
oty 32

(@ n 20— f = )i (2D)s - c+b+21] (6.4.5)

k=0

[—n: 1,1, [ 11, [+ B+n+1:1,1], [a+1:1,2],

2
=Flos
[ 11, 1-B-—n:11, [@+n+2:1,1], [@+1:1,1]
1:1,1]: ; b+1:1
1, —1 (6.4.6)
: s[L:1], [e+b+2:1];
o et Brnt1) (5 (Fele+ i 4
kzok!(a+n+2)k(1—6—n)k (b+C+2)k
—k,—a—k,—-b—c—k—1,
w3 Fy 1 (6.4.7)
—a — 2k, —c—k;
[—n:l,l],[O‘Tﬁzl,l],[a—i—ﬁ—l—n—i—l:l,l],[a—|—1:2,1],
S IIF
e 11, 1-B—n:1,1], [@+n+2:1,1]
a+1:1,1]: [e+1:1]; ;
1, —1 (6.4.8)
l+a:1],[c+b+2:1]; ;
- Cnlat Bantl)y ((Fkle+ i o, —k—a—kb+1
— (+n+2)r(1 =0 —n) (FH)e(b+c+2)k 1, —c—k;
(6.4.9)



[—n:1,1], 2211, o+ B+n+1:1,1], 1:1,1], [w+1:1,1]:

e 1), 1=B—n: 11, [a+n+2:1,1], [c+b+2:1,1]

e+ 1:1];[b+1:1];
-1 (6.4.10)
[a+1:1]5[1:1] ;

- (—1)k(—n)k(a + B +n+ 1)k (QT—H)))}C(QTH)}C((? + 1)k 4k
(b

— k! (a+n+2)(1—5—n) +c+2)pla+ 1)

ke —k,—b—c—k—1;
><3F2 1 (6411)
Ca—2%  —b—k

[—n: 1,1, 2211, a4+ B8+n+1:1,1], [a+1:2,1], [1:1,1]:

=Fy50
(@11, =B —n: 1,1, [a+n+2:1,1], [a+1:1,1]
b+1:1] 55—
-1, 1 (6.4.12)
[1:1], [e+b+2:1]; ;
where
bulboea,p) = T ZTIL0+ DI+ 1) (1 + a)alB)n

n! I'(c+b+2) (a+2),

(R(b) > —1, R(c) > —1).
Proof:- Applying first, the definition (6.1.1) for P 1(x) and then definition
(5.1.1) for Jacobi polynomials P,ga’o)(:v) in the integml/jL (1+2)°(1—2)°P*?) () dx,
expanding hypergeometric polynomial 5/ in series for;nl, interchanging the order
of integration and summation, using the Beta integral (5.1.8), we get the result
(6.4.1)and applying the summation property (5.1.11) in the result (6.4.1) then
writing the resulting double series in Srivastava-Daoust notation , we get the
result (6.4.2).
Similarly, after using the definition (6.1.1) in pi? (x) in the integral

/ S 21— 2 P )

1
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and then using the remaining five definitions(5.1.2),(5.1.3),(5.1.4),(5.1.5) and
(5.1.6) of Jacobi polynomials in P;“’O’(:c) in place of the definition (5.1.1), we can
evaluate the same integral in the forms of (6.4.3), (6.4.4); (6.4.5), (6.4.6);(6.4.7),
(6.4.8);(6.4.9), (6.4.10) and (6.4.11), (6.4.12) respectively.

6.5 Special Cases of Main Integrals
Case (i):- Putting b = 0 in equations (6.4.1) and (6.4.7),applying Saalschiitz’

summation theorem (5.1.10) and putting b = 0 in equations (6.4.3), (6.4.5), (6.4.9)

and (6.4.11), applying Gauss theorem (5.1.9), we get

—n,l,a—c, 2 a+B8+n+1 :

) . !
a+n+2,0+27a7+1a1_5_n ;
_ Dl Datntl) [T
= 2 (a+ 1)(0)n / (1 —a)° P (z)da (6:5.1)
(R(c) > —1).

Case (ii):- Putting ¢ = «vin equations (6.4.1), (6.4.3), (6.4.7) and (6.4.9),applying
Gauss theorem (5.1.9) and putting ¢ = « in equations (6.4.5) and (6.4.11), ap-

plying Saalschiitz’ summation theorem (5.1.10), we get

! o plo (=D 22+ D (a4 n 4+ 1)(B)n
/1 (1421 =)t P a)de = T(a+ b+ 2)(at2), nl X

—n,—ba+1,“ a+f+n+1 ;

x5 F) 1 (6.5.2)

oz+b+2,oz+n+2,a7+1,1—ﬁ—n :
(R(a) > -1 , R(b) > —1).
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6.6 Reduction Formulae For Terminating Series

sFy(—1)

If n is non-negative integer and remaining numerator, denominator parameters

are neither zero nor negative integers, then

—n,a—c,l,”‘Tﬁ,a—l—ﬁan—i—l :

5Fy —1
c+2a+n+2,%1--n
_ (—1)n(a+2)n3F2 —n,a+F+n+1c+1; . (6:6.1)
(B)n a4+ 1, c+ 2 :
(a+n+1) (14 7P), —n,a+B+n+1,1;
= E: 1 6.6.2
(I+a) (8)n o B+1,c+2 : ( )
_ (a+n+1)(c+1) 1+ a+B)nm 7 —n,—a—n,—c—n—1; .
B Tt at Balctn+t ) AT+a)” " | o 0 p_on
(6.6.3)
(c+1) (a+n+1) (148, —n,—a—mn, 1;
= F 1 6.6.4
et ) @ | g s oo

Proof:- If we solve the integral in the right hand side of equation (6.5.1)using the
definitions (5.1.1), (5.1.3),(5.1.4) and (5.1.5) for P,(La’ﬁ)(x) with the help of the
Beta integral (5.1.8), then we get four reduction formulae (6.6.1), (6.6.2), (6.6.3)
and (6.6.4) for hypergeometric polynomials 5 F;(—1) in terms of hypergeometric
polynomials 3F5(1) respectively.

Remark:- It should be noted that we cannot find the sum of above hyperge-
ometric polynomials 3F, in terms of gamma functions, using Saalschitz’ the-
orem (5.1.10), Watson’s theorem (5.1.16), Dixon’s theorem (5.1.17), Whipple’s
theorem (5.1.19)and other summation theorems available in the literature of

Special functions.
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6.7 Reduction Formulae Involving Terminating

Series ;F;(—1) and Truncated Series 5F(1)

—na—c, 1, B a+f+n+1 ;

SPE -1
c+2a+n+2,1-—-n;
(=Dl (a+2), —f—n, c+1;
(B (c+2)n 2£1 l4a ; 1 (6.7.1)
(=) nlla+n+1) (I+a+ B)m —B—n, —c—n—1;
(B)n (c+2)n (@+ 1)1+ a+ B)n 2 Ca—f—om ; 1l (6.72)

n

Proof:- We can get the above two results using definitions (5.1.2) and (5.1.6) of
Jacobi polynomials P%?(z) in the right hand side of equation (6.5.1).

okoskoskokoskoskokoskosk
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Chapter 7

Some (Generating Relations And
Hypergeometric Transformations
Using Laplace And Beta Integral

Techniques
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7.1 Introduction

Using Laplace transform technique, disclosure of some interesting generating
relations associated with double hypergeometric function H, of Horn,triple hy-
pergeometric functions Xy, X7 of Exton, Fg, Fz of Saran and quadruple hyper-
geometric functions Ky, K19, K13 of Exton have been made in this chapter and
also obtained the correct form of two erroneous integrals of Erdélyi et al.| Tables
of Integral Transforms ,Vol.II, p.284(16.4.1 and 16.4.3)]. Five hypergeometric
transformations of the terminating Clausen’s series 3F5 are uncovered too.

If function (continuous or discontinuous) f(t) is well defined for ¢ > 0 and
tlgglo et f(t) = a finite quantity, then operational images (or operational repre-

sentation)of many classes of Special Functions is the classical Laplace transform
LEf() : s} = / e~ F(t)dt = F(s), (7.1.1)
0

where Re(s) > b > 0 and e is called kernel.
h R b d t lled k |

can be obtained by appealing to Eulerian integral of second kind [117, p.218(3)]

gA

L{t"7': s} = / e st A 1dt = 11(A);min{Re(A),Re(s)} > 0, (7.1.2)

where the notation (I') is used to denote Gamma.
For the sake of convenience in the derivations of our generating relations, we
shall recall the power series forms of different multiple Gaussian hypergeometric

functions:
(a)m (b)n ™ y"

Dola, b;c;z,y] = Z (el (7.1.3)
m,n=0 mon e
(lz] < o0, Jy| < o0)
. - (@)min 2™ Y"
Uyla; b, c;x,y] = Z D), ()l 7 (7.1.4)
m,n=0 m n T
(lz] < o0, ]yl < o0)
o — (@)amin (D)n 2™ y"
H4 [a7b7 C? dax7y] = Z (C)m (d)n m' n' (7]‘5)

=0
(] <7 lyl < s34r = (s = 1)%)
37,1976, p.97(3.5.2)]
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oo

b) xrm yn 4
QP . X, [a,b;c,d,e; = (@Dam 2+ () 7.1.6
4 2 [aa ;6,657 Y, Z] (C)m(d)n (e)p ml nl pl ( )

m7n7p:O

(2 [+ /Jy]) —|—|z|<1>

o0

(a)2m+n+p (b)n (C)p x™y" 2P
X a7b’c;d76;x7y7z - 7].7
7 [ ] m,ng:o (d)m (e>’n+p m! n! p! ( )

([4z[ <1, Jy[ <1,]z[ < 1)

o

Z (@)mintp (B)m(C)nip 2™ Y™ 2P (7.1.8)

m,n,p=0 (d)m(e )nw(Lg)p m! n! p!

(lz] <r |yl <s |2l <t;r+(/s+Vt)>=1)

F4:FE [avaaaabacaC;dae>g;$ay>z] =

oo

Fy: Fg la,a,a,b,c,de, f, fra,y, 2] = Z & )mm(ﬂ)) <b(>;; ©r WE| 31' :;T L

m,n,p=0
(7.1.9)
(lz) <yl <s,|z| <t;r+s =1 = r+t)
KQ [aaaa a, a; b7 b7 C, da €, f?gvg;xvya Zat]
= i (a)m+n+P+q (b)m+n<c)P<d)q "™ yn 2Pt (7110)
m,n,p,qg=0 (e>m (f)n(Q)erq m! n! p! q!
E?;Eg) : K12 [CL,(I,CL,CL; b7 ¢, dae; f; f?gag;x7y7zat]
Ly @niniprg B (0 (D) €y ™y 2 (7.1.1)
m,n,p,g=0 (f)m—i—n(g)P-i-q m! n! p! q!
K13 [a,a,a,a;b,c,d,e;f,f,g,h;x,y,z,t]
@iy G (0 (@D, () 2y 2 1 (7.1.12)

. (Flmin(g)p (h)g m! nl pl g!
where the Pochhammer symbol (or the shifted factorial) (A), (A, v € C) is de-
fined, in terms of the familiar Gamma function, by equation (1.2.11). Denom-
inator parameters are neither zero nor negative integers, numerator parameters
may be zero or negative integers.

For general theory of convergence of Exton’s quadruple hypergeometric func-
tions, see [37,pp.91 — 94].

Here @5, U, are double hypergeometric functions of Humbert [55; see also 117,

p.58 (37), p.59(42)]; Hy is a double hypergeometric function of Horn [51; see also 117,
p.57 (28)]; Xo, X7 are triple hypergeometric functions of Exton [40, p.113 (1.2,1.7)
;see also 116]; Fg, Fg are triple hypergeometric functions of Saran [117, p.66 (26),
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p.67 (28);see also 88,91];Ky, K1o, K13 are quadruple hypergeometric functions
of Exton [30,32,35]. In another notation of Exton ,X, is also denoted by
@ HP[37,p.97(3.5.2)]; in the notation of Lauricella [70], Saran’s functions Fj
and Fy are also denoted by Fy and Fy respectively; in another notation of Ex-
ton, K5 is also denoted by Ef%Eg) [37,p.89 (3.4.1);see also 31,34, 35].

Two definite integrals of Erdélyi et al.[26,p.284(16.4.1,16.4.3)]

! 2001 (g + DD +n+ 1) (o — S+ 1)

1—2)%1 o plB) () dy =
/_1( 7+ o) B w)de I'c—p—-—n+1)(a+0o+n+2)

(7.1.13)

where Re(a) > =1,  Re(o) > —1.
+ 20t D (p+ 1) (0 + 1)
1— 2)°(1 o psh) () dr =
| a=arusar Ped @ P
X3Fy (—n,a+B+n+1p+La+1,p+0+2;1) (7.1.14)

where Re(p) > —1,  Re(o) > —1.

Combinatorial identity

= n " (—n), 0, ifn=1,23,...
Z(—l)’“(k) =Z< k!> = (7.1.15)

k=0 k=0 1, ifn=0

which can be verified easily and (Z) is binomial coefficient.

An important property of Jacobi polynomials [85,p.256(133.2)]

P B (g) = (=1)" PP 9 (—z) (7.1.16)

Definite integral property

/_ " F(z)dz = /_ " F(—z)dz (7.1.17)

1 1

7.2 Main Generating Relations

Arguments and parameters are adjusted in such a way that each term of involved
multiple power series is completely well-defined and meaningful then without any

loss of convergence, we have:
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Z(a)n H, {g,b+m+n;d,b; J 1:@1 t"

= nl (1+2)?" (1+
14+ x)9 xt
= ((1 _ t))a X7 |:ga —m, a; da ba Yy, —x, m:| ) (721)

— (a)n 3 3z 3
yo @ FG[g,g,g,b+m+n,c,d;b,h,h; S “’]t"

r—3"3—-2"3—=2

3+ 2z

3z 3w 3x 3xt
3+22"3+22" 3422 (t—1)(3+22)|’

00 2 2
Z (a)” Xo g, —m—n;c d7 ba Y ) : , - t"
n! 1—2y 1—2y 1—2y

1—2y\? 1 1
:(1_t)a< y) K13 {g,g,g,g;—m,a,c——d——;b,b,20—1,2d—1;
z

_ 3—z\’
:(1_t)a Kl? [97 g, g,g;c,d,—m,a;h,h,b,b;

(7.2.2)

1+2 )
it 4 4
T < s A (7.2.3)
1+22 (1+22)(1—¢) 1422 1+ 22
i(“)”F B,B,B,b+m+n,c cb, g, h— Y = | =1t
rar n' E y My My L6 U Y, ’)\—i-,U/I’A—f-/,LZL',)\—i—ILLI'
REITIAAPTRY by by — :
C.C,a, —m; s
)\—‘—Mm—x 9 b b b) b B ) b ’g? b b) ’A—‘—Mz—x’A—‘—Mw—x,

xt T
(1—t)()\—|—;m—x)’x_lm_/\} : (7.2.4)

7.3 Derivations

Consider the generating relation of Manocha [75, p.225 (3); see also 117, p.132 (6),
p.268 (127)] in the form:

= (a), —m — n; —xt
Z (@) 1 Fi z|th=(1—1)"%d {—m,a;b;x, — ]
- n! b 1—1¢

I

where m =0,1,2,... and [t| < 1. (7.3.1)
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If we use Kummer’s first transformation [85,p.125 (42); 117 p.37 (7)]

(provided b is neither zero nor a negative integer.)for 1 /3 in (7.3.1), we get

> (a), b+m +n; —xt
g (@) e’ 1 F —z|t"=(1—1)""dy {—m, a; b; x, _x} (7.3.2)
— n! b : 1—-1

In (7.3.2),replacing = by —zu, multiplying both sides by e “u9~1 o F yu® |,

expressing different hypergeometric functions in power series forms and integrat-
ing with respect to u over the interval (0, 0o),after simplification we get (7.2.1).

If we write (7.3.2) in the following form after replacing x by zu:

> b+ m+n;
Z (a)'n emu/?) F —qul = (1 _ t)—a‘e—qu/?)‘
n=0 G b )
—xut
Dy | —m, a; b; xu, ; iut (7.3.3)

and multiply (7.3.3) by e “u9~ ®y[c, d; h; zu, wu), express different hypergeomet-
ric functions in power series forms and integrate with respect to u over the interval
(0,00), we get (7.2.2).

In (7.3.1), replacing x by zu, multiplying left hand side by

(1 _ ) ;
e u(l 2y)ug 10F1 yQ u2 OFl 22 uQ

and right hand side by

21 . 2-1
e-u1+22)0-1 B 2 dyu| 1 Fy 2 Ao,
2¢c—1; 2d —1;

using Kummer’s second transformation [85,p.126 (43); 117, p.37 (8)]

. . 2
_ a — )y X
e ” 1F1 20| = 0F1 Z s
. 1.
2a; a+3;
where

2a # —1,—3,—5, ... (i.e. negative odd integers)
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expressing different hypergeometric functions in power series forms, integrating
with respect to u over the interval (0, 00), we get (7.2.3).

If we write (7.3.2) in the following form after replacing x by —zu:

> " b+ m + n; t
(@) 1Fy zu| t" = (1—t) %™ ®y | —m, a; b; —zu, Lt
n! 1—t

n=0 ’ b ;

(7.3.4)

and multiply both sides of (7.3.4) by e~ #2)uyS=1 W, [¢; g, h; yu, zu], express dif-
ferent hypergeometric functions in power series forms and integrate with respect

to u over the interval (0, 00), after simplification we get (7.2.4).

7.4 Hypergeometric Transformations Involving
Terminating Clausen’s Series Using Beta In-

tegral Technique

+1
7.4.1 Evaluation of the integral/ (1—2)*(142)" P9 (2)da

-1

If any values of variables and parameters leading to the results which do not

make sense, are tacitly excluded, then

/H(l — )1+ x)bPé”’ﬁ)(x)dx

1

20 (h+ DI'(a+ 1) (1 + )y, —n,a+f+n+1a+1;
_ ( +') (a+1) (+aoh o P 1| (7.4.1)
200+ (g 4 1)I'(b 1)(1 n —n,—f—n,a+1;
_ (a'+ )Tb+n+1)(1+ ) F s ) (7.42)
n!l'(a+b+n+2) l1+a, —b—n:

20 (g + Db+ 1)(=1)"(1 + B)n —n,l+a+B+nb+1
= | 3F2 1

(7.4.3)

2 (—1)"T (b + DI'(a + n+ 1)(1+ o+ B)ay,
nl(1+a+B),[(a+b+n+2) |
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—n,—a—n,—a—b—n-—1;

F) 1 (7.4.4)
—a—f—2n, —a —n;
_1)m atbH1(1 £ 8) (b + 1) 1 —n,—a—n,b+1;
n! T(a+b+n+2) 1+8, —a—n:
2T a4+ DT (b +n+ 1)1+ o+ B)an el ™ —B—-n,—a—b—n—1; )
Tl (l+a+Bl(a+b+n+2) Tl a—B—om b
(7.4.6)

where Re(a) > —1 , Re(b) > —1.

Prolof Applying the definition (5.1.1)of Jacobi polynomials in the integral

/+ (1 — 2)*(1 + 2)*P*?)(2)dz, expanding hypergeometric polynomial ,F in
seirﬁes form, interchanging the order of integration and summation, using the Beta
integral (5.1.8)and then writing the resulting series in hypergeometric notation,
we get result(7.4.1).

Similarly using the remaining five definitions (5.1.2), (5.1.3), (5.1.4), (5.1.5) and

(5.1.6) of Jacobi polynomials, we can evaluate the same integral in the forms of

(7.4.2), (7.4.3), (7.4.4), (7.4.5) and (7.4.6) respectively.

7.5 Main Hypergeometric Transformations

If any values of parameters leading to the results which do not make sense, are

tacitly excluded, then

—n,l+a+5+n,1+a; .
l+a, a+b+2 :

140b), —-n,—B—n,1+a ;
:Lﬁg P 1 (7.5.1)
(a+b+2), l4+a —b-n :
_ ED)AA B ) —mlt+bltatfin (75.2)
(1+a), 1+B,a+b+2 :
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(=1)"(1 4 a) L' (1 + o + B+ 2n) “n—a—m—a—bon—1

T+l Ha+B+n)a+b+2. |y - - om ;
(7.5.3)
_(_1)n (1+5)n(1+a)n 7 —n,—a—n,b+1 ;1 (754)
- 342 0.
B (14+0),I(1+a+ 5+ 2n) —n,—f—n,—a—b—n—1; .
0 F L Fat+B+n)a+b+2). " 7| Ly —a—B—2n :
(7.5.5)

Proof Comparing the integral (7.4.1) with the remaining five integrals from
(7.4.2) to (7.4.6),we can obtain the above five hypergeometric transformations

associated with terminating Clausen’s series 3F5.

7.6 Special Cases

It is to be noted that the reciprocal of Gamma of non-positive integers is always
7Z€ero.

Case (i)

Putting a = o, b = o in equations (7.4.1),(7.4.2),(7.4.3),(7.4.4), (7.4.5),applying
Gauss theorem (5.1.9) and putting a = «, b = ¢ in equation (7.4.6), applying

Saalschiitz” summation theorem (5.1.10), we get

1 207 HD (o + DIl(a+n+ 1) (o — B+ 1)
_o\a o p(a,B) —
/1 (=) ) B ) = e T a v +n12) nl
(7.6.1)

(Re(a) > =1 , Re(o) > —1)
which is the correct form of the integral (7.1.13).

Case (ii)
Putting a = p, b = [ in equations (7.4.1),(7.4.2),(7.4.3),(7.4.4),(7.4.5), ap-
plying Saalschiitz’ summation theorem (5.1.10) and putting a = p, b =  in
equation (7.4.6), applying Gauss theorem (5.1.9), we get

(1 —2)°(1 + z)’ PP (z)dx =

! nl Tla—=p)'(p+B+n+2)
(7.6.2)

/+1 2L (p+ DI(B+n+ DI (a—p+n)
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(Re(p) > —1 . Re(8) > —1)

which is the known integral [26, p.284 (16.4.2)].

Case (iii)

Putting « = a« and b = f in equations (7.4.1) and (7.4.4), applying Gauss
theorem (5.1.9) , we get

1 20045+ (q + n 4+ 1)T(B + 1)
1 —2)%(1+ 2)P PP (z)dx = 7.6.3
/1( ) ) (z) () Do+ B +n+2)[(1—n) ( )
0, when n=1,23,...
B 2(@+A+ D (a4 1) (B+1) -
(ot 572) , when n=0
where Re(a) > —1 , Re(f) > —1.
Case (iv)
Putting a = « , b = f in equation (7.4.2) and using combinatorial identity
(7.1.15), we get
+1 2(a+5+1)r Nr 1 nov_
/ (1—%)0(1+I)’8P7§a”8)($)dx: (a+n+DI(B+n+1) (=n)i
_1 (n)!' T(a+ B +n+2) k!
(7.6.4)
0, when n=1,23,...
B 2(@+8+ DD (a4 1) (B+1) -
Tt 512) , when n=20
where Re(a) > —1 , Re(p) > —1.
Case (V)
Putting a = p and b= o in equation (7.4.1), we get
+1
/ (1 —x)?(1 + x)° PP (2)dx
1
gpto+l] nr 1) (1 n —n,a+B+n+1,p+1;
_ (p+DI'(o+1)( +‘a) oI B PELL (e
Plp+o+2) n! 1+a, pto+2;
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(Re(p) > —1 , Re(o) > —1)
which is the correct form of the integral (7.1.14).
Case (vi)
Putting a = a, b = in equations (7.4.3), (7.4.6) and applying Gauss theorem
(5.1.9) , we get

+1 _1\n 9(a+B+1)
- o B p(a,B) o ( 1) 2 F(O[ + 1)F<ﬂ +n+ 1)
[ a=oras ey P = SO S (6)
0, when n=1,23,...

2(a+F+D P (a41)1(B41)

Tt 513) , when n=0

where Re(a) > —1 , Re(f) > —1.
The integral (7.6.6) can be obtained from the integral (7.6.3) if we interchange
« and f in equation (7.6.3), use the property of definite integral (7.1.17) and a
result (7.1.16) on Jacobi Polynomials.
Case (vii)
Putting @ = a , b = [ in equation (7.4.5) and using combinatorial identity
(7.1.15), we get

+1
‘/ (1= 2)°(1 + 2)° PP (2)da

1
(=) 250 (a + n + DB +n+ 1) <=~ (=n)k

! T(a+ B +n+2) —~ Kk

(7.6.7)

0, when n=1,23,...

2(a+B+1) P (a4-1)T(B+1)
I'(a+B+2) )

where Re(a) > —1 | Re(f) > —1.

when n =0

The integral (7.6.7) can also be obtained from the integral (7.6.4) using the same

technique as discussed in case (vi).

Kok okokokok kook sk k
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Chapter 8

Srivastava-Buschman Type
Generating Relations Using
Series Rearrangement

Techniques
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8.1 Introduction

Motivated by several demonstrated applications of results on generating functions

for the generalized hypergeometric ,F;, function,with the help of series arrange-

ment technique, we have presented here some results which are unification and

generalizations in character and also include as particular cases a number of well

known results given by Srivastava, Buschman, Burchnall, Chaundy,Shively and

Krall & Frink.Along with these, some interesting applications of these general

results are also investigated.

Two important closed forms [85,p.70, Q).10]

(1-2)7z

27 5
Further,

(2v-1) 77_1
:2F1 ) 2? z
2y

2
1++/(1—2)

Properties of Pochhammer’s Symbol

(@)r—p = (a)r(a+7)p

(a)_, = ﬂ;a #£0, 1, +2,...

(1—a),
k) — (=1)™* n|
(n k)! —<_n)Mk
(=1)P(N)2p _ [(—A=p
Npp! ( p )

Gauss’s multiplication formula

=), 050), - (5,

where n = 0,1,2,3,... and k is positive integer.
Summation properties[117,p.101 Lemma 3 (5)]

For any positive integer ‘m’

3=

DY Alkn) =) A(k,n—mk)

n=0 k=0 n=0 0

i
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(8.1.2)

(8.1.3)

(8.1.4)

(8.1.5)

(8.1.6)

(8.1.7)

(8.1.8)



where, and in what follows,[z] denotes the greatest integer in = and the series

involved are absolutely convergent.

i O(s) = i d(n —s) (8.1.9)
s=0 s=0
—n; (=) —n,—f—-n; -1

Rainville Polynomial |85, p.294, eq.(3)]

n

90"(0’“):2(_/{;1!)(71(6_)72)? :<g!n2F° B (8.1.11)

k=0 —_—

Simple Bessel Polynomial |85, p.293, 150(1)]

-n,1+n; —g

Yn(®,2,2) = yu(x) = 219 -5 (8.1.12)

Krall and Frink’s generalized Bessel polynomial [117,p.75,(1.9.1);
see also 85, p.294, 150(2)and 48]

—n,a+n—1;, —g
Yn(2, 0, B) = 2y 7 (8.1.13)

Shively’s Pseudo-Laguerre Polynomials |85, p.298, eq.(1)and(3)]

Ru(a,z) = W2 p | T i(a_l)“kL”"“(x) (8.1.14)

11
n!(a), a—+n: (a—1), pa k!

where L, (z) is called Simple Laguerre polynomial.

Shively’s Polynomial [96, p.54; 85, p.299, eq.(6)]

(N)a2n N, 1, ..., 0

Shz) = F, 8.1.15
n(x) ()\)nn!erl q+1 )\+n ﬁl 6{1‘ x ( )
Burchnall’s Generating Relation [85,p.296, (15); 84, p.104, (4); see also 9]

(1+ 43ct)771 2 o exp 2t = i
14+ /(1 +4at) 14+ /(1 +4at) —

Toscano’s Generating Relation [85,p.298, eq. (3)]

onlc,x)t"
(S)n

-1 2 ot —4xt . it n
M e I e RO

(8.1.16)
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8.2 First Set of Generating Relations (8.2.1)
and (8.2.6)

If M and N are positive integers and other parameters and variables are adjusted

in such a way that each term is well defined, then

5 A-1 (a4) ) M
1 aa);
(1—DytVe)~z AFp | Gate
1+ /(1 — DytNa) (bp); 1+ /(1 — DytNa)
1-(bp)—r 2—(bp)—r N—(bg)—r
o, L

_ io: (a1)y ... (aa) - (Gz)"te

rl NB+N+MN—1FNA+MN—2

A(N;—r), A(MN —1;1 — Mr — \);
(_N)N—i-N(B—A)(l - MN)(MN—l) (Dy)

2— MN)MN-2 (Go)N 4

A(MN —2;1— Mr — \);
(8.2.1)

Derivation:
Suppose left hand side of equation (8.2.1) is denoted by Y, then expanding 4 F'z
into series form and using closed form (8.1.1),again expanding oF} into series

form, we get

> — ai)y ... \AA)r Gz)" (Mg+>\)p (MT—;A+1)p p 4 Npg+qr
T= Z Z <(b1§ EbB))T ( r!) pl(Mr + X), (Dy)" ¢ (822)

'—0 p=0 e e

Replacing ‘v’ by ‘r-Np’ by using summation property, we get

. i (%] (a1)r—np - (@a)r—np (G:U)T—Np <M(révp)+)‘>p (M(TN2P)+>\+1)p(D )P ¢ar
o )y (bn)onp (= Np)L pH(M(r = Np) + ), :
(8.2.3)
B i [%] (ar)p(ar +7)_np- .- (aa)(as+71)_np (Go) NP
L 2 (bn),(by + 1) np-- - (b)r (b + 1) np (r— Np)U
(Mr— MNp+ )‘)217 (Dy)P 9" (8.2.4)

p1222(M(r — Np) + ),
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After further simplification, we get

o [%]
(a1), ay),(—1)NpA=B+1) p}(l—bl—r) (1—bB—r)N
T= ;pz ) (bB) (1—a1—?“)Np...(1—aA—r)N
(=) np(Ga) NP (1—Mr— )‘)(MNA)p -
) T! pl22p(1 — Mr — /\)(MN_Q)p (Dy) t <825)

Using multiplication theorem and after simplification we get the required R.H.S.
of equation (8.2.1).
Special case

Taking ¢ = 1,G =1 and x = 1 in the main result (8.2.1), we obtain

A—1 M
- 2 (aa); 2
(1 - Dyt™)" 1+ /(1- Dyt™) Al T V(1 = Dyt™)
+/( yt) (bp); +/( yt)
1—(bg)—r 2—(bg)—r N—(bg)—r
00 N ) N )ttty N )
(a1)y ... (aa), t"
=2 ) )T
r=0 r 1—(aa)—r 2—(as)—r N—(aa)
N N ’ N ’

A(N;—r), A(MN —1;1 — Mr — \);
(_N>N+N(B—A)(1 _ MN)(MN_l) (Dy)

(2 — MN)OIN=2) 1

A(MN —2;1— Mr — \):
(8.2.6)

8.3 Second Set of Generating Relations (8.3.1),
(8.3.2),(8.3.3),(8.3.4),(8.3.5) and (8.3.6)

Let M and N are positive integers and other parameters and variables are ad-
justed in such a way that each term is well defined.Then

Case(i). When ¢ > M = 2¢ > M

FB <a ) Gat?

9 A—1 M
(1+\/(1—Dyt)> T p): <1+\/1—Dyt>
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. AM—1
ala"'aaAaA<q7 _p)7 M

io: - 1 )ap (Dyt)?

A+2q—M lFB 2q—M+1
p'4p +2q + +2q +

p=0

bi,...,bg, A(2¢ — M;2 — X\ — 2p),

Alg—M;1—X—p);

40)1 (g—M)(a—M) Gy
EDqZ)/)q(??q—J)\/[)@qu) (8.3.1)

M )

Case(ii). When ¢ < M and M —2¢ > 0

A—1 M
2 (aa); 2
AFB GItq
1+ +/(1 — Dyt) (bp); 1+ +/(1 — Dyt)
oo a17"'7a’A7A(q; _p)7%7
- 1 2p (Dyt)?

Z , A4 M—q+1FBrM—g+1

pl 4»
p=0 M

bla"'abBaA(M_q;)\+p)a

A(M —2¢; A — 1+ 2p);

—4q)4 (M—2¢q)M—=29) Gy,
( (gy)g (M—qt)z)wfq) (8.3.2)

A—1

i )

Case(iiz). When ¢ < M and M —2¢ <0

A—1 ur

2 (@a);

aFp Gat?
VL= Dy (ba); 1+¢W

o0 al?"'7aA7A(q; _p)7>\+%—1
Z _1 2p Dyt) F

p p| 4p A+q+1L B+q+1
p= bi,...,bg, A(M — q; A +p),

(—49)* (=D Gz
(Dy)a ( Z)( ) (2q—M)(2a— M) (8.3.3)

%7A<2q—M;2—)\—2p);

Case(iv). When ¢ < M and M —2¢ =0

Fy (aa); Gt

9 A—1 2q
<1+\/(1—Dyt)) P p): <1+\/ (1 — Dyt) )
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o . A+2q—1 ,
Z - 1 2p Dyt) A+q+1FB+q+1 ai, ..., a4, A<q7 _p)7 +2—Za (—4)q Gl‘
p=0 A)p bl 47 bi,...,bp, 5~ A 1 AN+ D) (Dy)1
(8.3.4)
Case(v). When ¢ = M and 2¢ — M >0
A—1
2 (a); 2 !
AFB Gl’tq
1+ /(1 — Dyt) (bs); 1+ /(1 — Dyt)
00 . Agq—1 .
Z - ]- 2p Dyt) A+q+1FB+q+1 ay,...,04, A(q7 _p)a % 3 (4)q GZL’
p=0 pp'4p bl,,bB,%7A(q,2—)\—2p)7 (Dy)q
(8.3.5)

Case (vi). When g =1

Fy (aa); vt

9 A—1 M
<1+\/(1—DytN)> P op): (1+\/ 1 — DytV) )

A
N [T(a):(Gat)" 0p)or | N=be)or AN ),
=1
=y — NB+2MN+N-1ENAvaMN—2
r=0
10, g et

AMN;2 = Mr — \),A(MN —1;1 — Mr — \);

(_N)(B—A+1)N(I_MN)(MN—I)Dy
42— M N)MN=2)(Gg)N

AMN —2;2 — Mr— ), A(MN;1— Mr— ) ;
(8.3.6)

Derivation- We consider the expression:

FB (a ) Gat?

2 A—1 M
(1+\/(1—DytN)> B Y <1+\/ 1 — DyiV) )

Expanding 4Fp into series form, using closed form (8.1.2) of oF}, then again

" =

expanding o F into series form, we get

a;)r(Gz)"
1_11:( )( ) (MH_)\)p (Mr-;k—l)p (Dy)p

o= = 2 Nptar 8.3.7
Z B (Mr+X), p! ( )

" ) !

J=1
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For evaluating further, we need to impose following two conditionsi.e. N = 1 and
q = 1 which are further classified into several cases. These cases are mentioned
below.

Condition I:- When N = 1, equation (8.3.7) reduces to

FB (a ) Guxt?

9 A—1 M
<1+\/(1—Dyt)) T o): <1+\/1—Dyt>

fﬁ SR, (e, @y
o’ ﬁ (Mr+ X)), p! r! e
7j=1

Replacing p by p — qr by using the summation property (8.1.8) and then Gauss’s
multiplication theorem (8.1.7) in (8.3.8),we have

A—1 M
2 (aa); , . 2
(1+\/(1—Dyt)> Al (bp); Gt <1+\/(1—Dyt)>

1 = 14 29) s (—D)ar Vs (G 47
Ot Dot (DT~ sy (D)7

(8.3.9)

Case(i). When ¢ > M = 2q > M in (8.3.9), then equation (8.3.9) can be

rewritten as

hS

H(a/j)r
@*—Z“ oDyt X (A= 14 20)agman (D)o (N (G)” 47
=AY

=0 4 p! b A+ D) r(g-an (=L)X = 1)p, rI(Dy)er

= T

(8.3.10)

After further simplification and summing up the terms into hypergeometric

form,we get the following generating relation (8.3.1).

FB (a ) Guat?

9 A—1 M
<1+\/(1—Dyt)) T ): <1+\/1—Dyt>
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. AMM—1
ala"'7aA7A(Q7 _p)7 M

i - 1 )ap (Dyt)?

), pl 4 Av2q-M+1FByog- 1

—0
P bi,...,bp, A(2¢ — M;2 — X\ — 2p),
Alg—M;1—X—p);

(49)1 (¢—M)~ MGy
(Dy)4 (2q—M)2a—21)

M )
Case(it). When ¢ < M and M — 2q > 0 in (8.3.9),then using multiplication
formula (8.1.7) and after simplifying, summing up the remaining terms into hy-

pergeometric form, we obtain the following result (8.3.2).

A—1 M
2 (aa); 2
AFB Guat?
1+ +/(1 — Dyt) (bp); 1+ +/(1 — Dyt)
oo alw"uaAuA(Q; _p)u%)
- 1 )2p (Dyt)?
Z BT A+ M-q1EByar—gi1
p=0 p b

bla"'vbBaA<M_Q;)‘+p)7

A(M —2¢; A — 1+ 2p);

(—49)7 (M—2q)M 29 Gz
(Dy)s (-7

A—1

— ;
Case(7iz). When ¢ < M and M —2q < 0 in (8.3.9), then equation (8.3.9) can be

rewritten as

) [p/q] H(aj)r
o — Z (A= 1)gp (Dyt)p j=1 (A =1+ 2p)_r2q—11) (=) gr(A) asr
—  (A)p P! 4 — B A+ D) - (=L)X = D)pgyp
(Gz)" 497
e (8.3.11)

After further simplification and summing up the terms into hypergeometric form,

we get the following generating relation (8.3.3).

FB (a ) Guat?

9 A—1 M
<1+\/(1—Dyt)) T ): <1+\/1—Dyt>
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ar, ... a4, A(q;—p), )\+]\]\2[71

f: _1 )ap (Dyt)?

pp' 4p

Atrgr1FBrgr
p=0

b17"'abBaA(M_q;)‘+p)a

(—49)? (-1)™ Gz
(Dy)e (M—q)M—a)(2g—M)(2a—M)

A7 A2 — M52 — A = 2p);

Case(iv). When ¢ < M and M — 2q = 0 in (8.3.9) then equation (8.3.9) can be

rewritten as

(aa); Gat?

) A1 2
<1+\/(1—Dyt)> AFB[(bB; <1+\/1—Dyt> ]

Ap p' A +p)qr(_1)qr(/\ — 1)2g, rI(Dy)r

p:

A
1)2p P j=1 (A —=1+2p)o(—=p)gr(N)2gr (Gx)" 497
- () & ﬁ <

7j=1

(8.3.12)
Taking (A — 1+ 2p)o = 1 and simplifying further, we find the following result
(8.3.4):

A1 2%
2 (a4);
<1+ (1—Dyt)> LA Gt <1+~/ (1 Dyt) )

i - 1 2p Dyt) )a ala"'7aA7A(Q; _p)7)\%2717 (_4>q GJ}'
A+q+1L' B4g+1 A ket
par A),p p! 4P q q by, ... bp, AL ,\ 1 AN+ D) (Dy)1

Case(v). When ¢ = M and 2¢ — M > 0 in (8.3.9) then we can rewrite equation
(8.3.9) as

FB (a ) Gat?

A—1 q
2
<1+\/(1—Dyt)> B Y <1+\/1—Dyt)
[T
: PRA S (A= 142) ()N (Ga) 47
pX:: Ay p' ( ) 2% 1) (Hp)o(—l)‘”(k— Dor  r!(Dy)r

J=1

(8.3.13)
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Taking (A + p)o = 1 and solving further, we find the following result (8.3.5):

FB (a ) Gat?

9 A—1 q
<1+\/(1—Dyt)> P p): <1+\/ 1 — Dytb) )

q
Atqr1EB g

i - ]- 2p Dyt) agy ... 7aA7A(q; _p)a ata-l ; (4)q GZL‘
p=0 ppl4p bl,...,bB,%,A(q;Q—)\—Zp); (Dy)q

Condition IT:- When ¢ =1 in (8.3.7)

Fy (aa); ot

9 A—1 M
<1+\/(1—DytN)> T ). <1+\/ 1— DytV) )

Q:

A
];[ Mr—i—)\)p (Mr+)\—1)p (

00 Dy)? r
Z . 2 2 P (o) ey (8.3.14)
o ﬁ (Mr+ X)), p! d
7j=1

Replacing r by » — Np in (8.3.14) by using the summation property, we get

2 o F (aa); Gut :
L+/T=Dy™) ) P ) l—l—\/l—DytN

Z Yrnp - (aa)rnp (Mr — MNp+ X — 1)9,(Dy)? (Ga)™ NP
r=0 p=0 r Np - (bB)r—Np (MT—MNp+)\)p 4p (T_Np)lpl

(8.3.15)

using the property of Pochhammers symbol, Gauss’s multiplication formula and
after simplification summing up the terms into hypergeometric form, we obtain

the following result (8.3.6):

FB G]?t

9 A—1 M
(1+\/(1—DytN)> T p): (1+\/ 1 — Dyt™) >

. H 17('}5)%, e Nﬁ(?f)fr, A(N;—r),
j=1 (Gxt)

Z = o (NB+2MN+N-1) F(NAt2mN—2)

r=0 . 1—(aq)—r N—(as)—r
H (]\}4) AR (NA) )

[y

.
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A(MN;2—Mr —X),A(MN —1;1— Mr — \);
(7N)(B_A+1)N(17MN)(MN_1)Dy

4(2—MN)MN=2)(Gg)N

A(MN =22 = Mr— ), A(MN;1— Mr—\) ;

8.4 Third Set of Generating Relations (8.4.1),(8.4.3)
,(8.4.4),(8.4.6),(8.4.8), (8.4.13) and Their Par-

ticular Cases

Case (i). When ¢ > M

(aa), Alg; —p), Alg — M;1— X =p); (49) (q — M) (Gx)
(Dy)e (2q — M )(2a=M)
(8.4.1)

At2g-MFBrog—m
(bp), A(2¢ — M;1 — X —2p) ;

Particular Case of (8.4.1)

Taking A = —a,A=r,B=s,D=—-4,y=1,G = (-1)9, M = ¢ — p in equation

(8.4.1),

_1 2 - (ar)§ q 2 o
(L+40) <1+\/(1+4t)) h [ (b): =) {1+\/(1+4t)} ]

(aT)7A(Q; _n>7A(p71+@_n)7 qq pp$ n
. (p + q)(p+Q)
(84.2)

-

> « n
= g ( n )r+p+qu+p+q
0

n=

(bs),A(p+¢; 1+ a—2n)

which is result of Srivastava-Buschman [117, p.394, (.22 (iii); see also 111, p.365; 4, p.44].

Case (77). When ¢ < M and (2¢ — M) <0

2 (aa); ., "
(1 — Dyt) (1+ /—(1—Dyt)> AFB[(bB;Gxt {1+ —1—Dyt} ]
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() ey

(aa), Alg; —p), A(M —2¢; A + 2p); (4q)® (M — 2q)M =29 (Gr)
(bs), A(M — g; A+ p) . (=Dy) (M — q)¥~9)
(8.4.3)

~qu+MFqu+M |:

Case (4i7).When ¢ < M and (2¢ — M) >0

(a.a); Gat?

9 A—1 M
(1+\/(1—Dyt)> AFB[(bB; {1+\/1—Dyt} ]

= Z A+qFB+q
p=0 p

(4¢)? (Gx) —Dyt\?
(Dy)1(2q — M)Ra—M) (q — M)(M—q):| < 1 ) (8.4.4)

Particular case of (8.4.4):-
Putting D =4,y =1,G = (1), M =2¢—p+ 1, A=a+1,A=r,B=sin

(1— Dyt)>

(aa), A(g; —p) ;
(bp), A(2¢ — M;1 — X —2p), A(M — ¢; A + p);

(8.4.4), we get a known result of Srivastava-Buschman [117, p.372, 7.4(12); see also
111, p.363, eq. (15)]

=1 2 " (ar); q 2 e
SRR T

(ar), A(g; —n) ;
(0s), Alp— L, —a =2n),A(g—p+ La+n+1);

'z 8.4.5
(1=p)*D(g—p+1)artD 549

provided p < g + 1.
Case (iv). Taking ¢ < M and 2q = M

(aa); Gat?

9 A—1 2q
<1+\/(1—Dyt)> AFB[(bB; {1+\/1—Dyt} ]

SIS

(1= Dyt)~
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[ A (aa),A(g;—i) ; (—4)7 (Gz) | [ —Dyt\’
_; i A+qFB1g (bi), A(g: A+ i) (Dy)1 ( 4 )

(8.4.6)
Particular case of (8.4.6):-
Putting D =4,y = 1,G = —1,¢g=1,M = 2 in (8.4.6) we find a known result:
(96, p.54 — 55; 85, p.298, eq.(5); 117, p.187, Q.49]

Fi " (—at)

9 A—1 9 2
(1+\/(1—4t)> T p): {1+\/(1—4t)}

(1—4t)7

= tl /\ (CLA), —1 ; >
Z TV, 2 1P T = Z SN ()t (8.4.7)
i= Z. (bB)a)\+2; n=0

Case (v). When ¢=M

FB (a ) Guat?

9 A-1 q
<1+\/(1—Dyt)> T p): {1+«/1—Dyt }

(1—Dyt)>

[ —A-p (aa), Alg; —p) ; ()7 (Gx) | [—Dyt\?
= Z A+QFB+Q (D )q 4
=0 p (b5), Alg; 1 — A —2p); y
(8.4.8)
Particular Cases of (8.4.8):- [117, p.141, 2.6 (20)]
Putting D =4G=x=1A=1,B=m,a=c¢,b=d,q=1M =1 and
replacing y by x in (8.4.8),we get

c);

A-1
2 (
<1+ \/(1—4xt)) S I 1+\/ 1 — dat)

(1— 4at)"2

> —A—n (a) ,=m 5 .
= Z 1 Fm xr (—at) (8.4.9)
=0 n (dpm), 1 — X\ —2n;
Reversing the order of the terms in the hypergeometric polynomial ;1 F},.1,we

get Chaundy’s generating relation [84, p.104 (4);see also 117, p.141, 2.6 (20)]

=

a); 2t

9 A—1 (
<1+\/(1—4xt)> i (dy); 1+ /(1 —4xt)
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> —n, A +n,1— (dy) —n; {n
- Z Jml m+2E ( ) (_1)l+m+1w E (8410)
n= I - ) )
" H(dj)n (CZ) "
j=1

which is the generalization of Burchnall’s generating relation.

Putting D = —-4G=2=1,A=0,B=0,¢q=1, M =1, A = ¢ and replacing y
by x in (8.4.8),we have

(1+4at)7 ( 2

—-r s =1 (¢)ar (—xt)"
N — | A
—0 l—c—2r; © | (© 7
> n,c—+n; n
n=0 I ) n:

In equation (8.4.11), replacing x by = ¢ by @ — 1 and using the definition of
generalized Bessel’s polynomial of Krall and Frink, we get the corrected form of

the result of Burchnall [9, p.67;see also 117, p.84, eq.(19); 84, p.104 (4)]:

a—2

(1 4xt)‘5 9 2%
- — exp
B

4xt 4zt
1+ (1—7) 1+ (1—7)

n=0 — ) g nl
S m
- nwasl 8.412)
n=0 :

Case (vi). When g = 1, then

A—1 M
1 2 (aA); 2
1—Dyt™N) ™2 F Gzt
( ) <1+\/(1—DytN)> T ): {1+\/(1—DytN)}
A

_ 1@, A(N; —r), A(MN —1;1 — Mr — \),
= Z FBI (N+NB+MN-1)F(varmn—2)

i § (O A(MN —2;1— Mr — \),

j=1
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N s .y N 3 r
(—=N)B-A+1DN (1 _pfN)(MN-1) p, (Gat) (8.4.13)
@—MN)MN-2(Gr)N 4 7! o
1—(aa)—r N—(aa)-r.
N 900y N b)

Particular case of (8.4.13):-

Taking G =1,z =1,¢ = 1,y — z in equation (8.4.13),we get

T ) N
(- Da:tN)_% 2 Fn aa); ; 2
1+ /(1 — DztN) (bg): 1+ (1= DatV)
A
. H(aj)” A(N;—r),A(MN —1;1 — Mr — \),
=1
= Z d = (N+NB+MN-D)F(NAtMN—2)
r=0
[T A(MN — 21— Mr — ),
j=1
1—(bp)—r N—(bg)—r
N ) O N ) (t)r
_NV(B—A+1)N(q_ (MN-1) (Da
YA a) Lo | Zh o (84.14)
1—(aa)—7 N—(aa)-r.
At AT

Demonstration:- Consider the expression

O = (1- Dyt")~2

9 A—1
(1 + /(1= DytN)>

(aa); ., 2 Y
AFp . Gt {HW} (8.4.15)

Expanding 4Fp into series form, using closed form (8.1.1) of o Fj,then again

expanding o F into series form, we get

(@)y... (ax) (Gz)r (M5H2) ) (M)

0= (b1)y .. (bg)y 7! PI(Mr + ),

WE
WE

(Dy)P NPT (8.4.16)

Il
=)
I
<)

T p

Using multiplication formula,we have

0=> > ((23 » Eaf“)r (Mr +N)ap  (Ga)"(Dy)? £V (8.4.17)

bg)r (Mr+X), 220 rlp |

r=0 p=0 re

For evaluating further,we need to impose following two conditions i.e. N = 1 and
g = 1 which are further classified into several cases.These cases are mentioned

below.
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Condition I: When N = 1, equation (8.4.17) reduces to

(aa); Gat?

2 A—1 M
<1+\/(1—Dyt)> AFB[(bB; {1+\/1—Dyt} ]

= (1) (an)y (M7 +X)g, (Gz)"(Dy)P trrar
:;; (bor..,(b;,, (Mr+2)), 22rlpl

[N

(1 —Dyt)~

(8.4.18)

Replacing p by p — qr ,we get

(aa); Gat?

9 A—1 9 M
(1—|—\/(1—Dyt)> Al [ (b): {1—|—\/(1—Dyt)} ]

:iu)zpwyt)p% (a2)r - (aa)s (=Par (1= A = p)gonny, 47 (Gy

(A)p 42 pt = (b1)r - (bp)r(L = A = 2p)g—anyr (Dy)orr!
(8.4.19)

(1— Dyt)2

} , A1 (a): q ) M
(1= Dyt) "> (1+ (1—Dyt)> - [ (bs); o {HW} ]

g Gl (@) (aa)e {am () - ()} 0= A= Doany
(b1)r - (bB)r(1 _A_Qp)(quM)r '

47 (Gx)"
(Dy)er 7!

Case (i).For ¢ > M in eq. (8.4.20), using multiplication formula and summing

(8.4.20)

into hypergeometric form, we get (8.4.1).

Case (ii). For ¢ < M and (2g — M) < 0,equation (8.4.20) can be rewritten as

(@a); Guxt?

9 A—1 M
<1+\/(1—Dyt)> AFB[(Z,B; {1+\/1—Dyt} ]

)\ p Dyt) [%] (CLl)r--'(aA)r {qqr (%)T”.<%{H)T} (1—)\—p)_(M_q)r.

N

(1— Dyt)~

Z ( P 4p p' Z (bl)r c. (bB)r<1 — A= 2p)—(M—2q)r

p= r=0
497 (G)”

Dy (8.4.21)
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After simplification,we get (8.4.3).
Case (i11). For ¢ < M and (2¢ — M) > 0,then equation (8.4.20) can be rewritten

A—1 M
_1 2 (aa); q 2
(1— Dyt) > (1+ i __Dyt)> AFp [ ) Gat {1+ q _Dyt)} ]
i (N)ap(Dyt)? & (ar),...(ax), {qq" <‘7”)T (—‘pflq_l)r} (1=X=p)—(m—g)r
2 (N), @ pl (b1)r - (05)r(L— X — 2p) 3g—11)r
% (8.4.22)

After simplification,we get (8.4.4).
Case (iv). For ¢ < M and (2¢ — M) = 0,then equation (8.4.20) can be rewritten

A—1 2q
_1 2 (aa); g 2
(1= Dyt)™ (1 +V/(— Dyt)) At [ (b): ct {1 +V/(— Dyt)} }
i Nan(Dyty L (@)oo (@) {a7 (32) o (222) } (=2 =p) eoan
22T, 4l 1) - (br)r (L — X — 20) g2
% (8.4.23)

After simplification,we get (8.4.6).
Case (v).For ¢ = M jthen equation (8.4.20) can be rewritten as

(a.4); Gzt?

2 q
(bp); {1+\/(1Di‘/t)}]

. ] (a1)r ... (an), {qqr (—_P) (Lq—l) } (1= A=)y
(A)ap(Dyt)? a), q ,
Z ) 2 b0y ()1 — A= 20) gy '

p= r=0
47 (Gx)"
After simplifying further,we get (8.4.8).

[N

(1 — Dyt)”

Fg

) A-1
<1+\/(1—Dyt)> 4

(8.4.24)

Condition II:Putting ¢ = 1 in (8.4.17),we get

== (1-DytV) 2 Fp

9 A—1
<1+m> !
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:ja>

(aj)r (M1 + X)2p

R e (Gz)" (Dy)P £+
B Z Z rip!

r=0 p=0

(8.4.25)

t:Iw

(b)r 42 (Mr + X),

1

J

Replacing ‘t’ by ‘r-Np’ in (8.4.25), we get

= i g )r—np - (@4)r—np (Gx) NP (Mr — MNp + )\)2p (Dy)P t"
- (bB),,_Np (r— Np)!2% pl(Mr — MNp+ \),

—0 p=0 1 r—Np -
(8.4.26)
— i S (a1)r(ar +7) - np - - (aa)r(aa +7) Ny (M1 + ) _uv-2)p
r=0 p=0 (bl)r(bl + T)*Np T (bB>r(bB + T)*NP (1 + T)*NP(MT - )\)—(MN—I)p.
(Gz)r—Np .
. ] p! 5 (Dy)p t (8.4.27)

o [#] _B-1)-
((ll)f,....<aA)7.<—1){Np(A B-1) p}(l—b1—T’)Np...(l—bB—T)Np(—T’)Np
Z:: (b1)r ... (bg)r(l—a1 —7)np ... (L—aa —1)np '

r=0 p=0

(1 - M?” - A)(MN—l)p (Gl')T*Np
' (1 — MT — /\)(MN—2)p T‘!p!22p

(Dy)P t" (8.4.28)
Using multiplication theorem and after simplification, we get (8.4.13).

kokokokokokoskokokok
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Chapter 9

All Possible Generating
Relations Involving Generalized

s

Polynomials T, m),
T3 (@;m, \, 1) And
Hypergeometric Polynomials

a1 @m), B (@m, \, )
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9.1 Introduction

This chapter culminates into eighteen generating relations involving generalized
polynomials S\ )(x;m) and T.*" )(at;m, A, i) using different combinations of
terms. In the form of particular cases, we have also investigated a number of
generating relations on Srivastava’s generalized hypergeometric polynomials of
one variable H\*? (x;m) and Pathan’s generalized hypergeometric polynomials
of one variable 2" (x;m, A\, ). The results are believed to be new to the au-

thor’s knowledge and are not found in the literature of generating relations.

The polynomial S (z;m) [117, p.390, Q. 15 (ii)] is defined by

7]
S©@B) (zm) = Z (Oé B+ 1)n) Y " (9.1.1)

n—mr

and let the polynomial T (z;m, A, ) be given by

TP (z:m, A, ) )\-I—,un Z{(@Z_ﬁ:;rl) >[/\+,un+,u(6+1—m)r]}%xr
= (9.1.2)

where o, are complex parameters independent of ‘n’; m is an arbitrary positive
integer and {7, } is a bounded sequence of arbitrary real and complex numbers
such that ~, # 0.

Srivastava’s generalized hypergeometric polynomials of one variable H? )(x; m)

[117,p.360, eq.(7.3.3); see also 109, pp.331 — 332] are given by

HOP (g5 = <a+ (6 + 1)n) o Alm;—n), (ap) 5 (9.1.3)
A n e A(m; 1+ a+ fn), (by);

Pathan’s generalized hypergeometric polynomials of one variable %’,(f"ﬁ ) (x;m, A, 1)

are given by

B (3 A, 1) (a + (B + l)n) |

n
A<m7 _n)u 1+ %7 (ap)§

A(m; 1+ a+ Bn), s, (by);

x (9.1.4)

'p+m+lF +m+1
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where o, are complex parameters independent of ‘n’ and A(m;\) abbreviates

the array of m number of parameters given by

A A+1 A4+m—1
N PR 7m€N
m m m

Some results on Pochhammer’s symbol after taking all possible com-

binations:

-+ ) (s +1)

< Apn )
w(B+1-m) J

L= +pun+upu(B+1)r—pumr (9.1.5)

(m( a+1) + 1>'r

a+m(f+1)r =« (9.1.6)
(m( +1))r
o wEenmr_ pca (atintl), 0.1.7)
S O S (e SR (S TO R (i -
pea uCmpBr  pulmr
G-50 MO eS80
__nCa (ernsiemo 1), 018
(1-59¢) ( Ca ) .
EFD-ACFmC) ),
A1=8Q)
cm(B+1)r (um(CH) + 1)
At pmr o+ E = - . (9.1.9)
S (:g(ci%)r
pCm(B+1)r (u(mlk)((ll:g?mc) + 1)
A p(B+1)r + -0 " ( YT ) (9.1.10)
WD FmC) )
A1=8Q)
pCmpBr . ( pwm +1>r
A+ pmr+ 050 A <,\(1—5<)) (9.1.11)
pllatmr) _ pCa (R+1),
1-60 (-80 (=), 91.12)
A1=8¢)
pCmpBr (#[ﬂ+1+ﬂ4(m—5—1)] - 1>r
A+ u(B+ Dr+ 150 A ( T ) (9.1.13)
plB+1+8¢(m=B-1)] /.
s onem (), -
S (75eh),
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— +umr= —
(1-50) 1=50 (£55)
(o
uCa . uCa <_(,8+1)(1_—BC) T 1>T
a-po T =050

(a
(<_ﬁ+1>(1_—ﬁo>r

A1=B¢)
pCmr <Mm(1fﬁ§+<)+1>r
(1-5¢) ( A1-80) )

pm (1=6¢+0) ),

A1-B¢)
pCmr A\ (u[(ﬂ+1)(1—6c‘)+md T l)r

1— A1-5¢)
(1=5¢) (M(ﬁﬂ)(l—ﬁ:)md)r

pilatpmr)  plo <ml5+1)r
(1-p¢) (1-8¢) (L)

mﬂr

A pumr+

A p(B+1)r+

g pemr :>\<A(;mﬁ<o+1>r
(1-5¢) <_§m§]<>>r
pla pCmBr _ pla (1),
A-50 MY A=E0 T 0-50 (),
pea pCmpr pea ( /3<+m461+1>
s H B+ Dr 4+ = —— "
1-59) 1=60 (1A=5¢) ([(ﬁ+l)(1cﬁc)+mCﬁ]>
241
)\—l—umr:)\(mu )

atm(@+1r u(ﬁ/\Jrl))T (m<§+1)+1>r
8 ok (Aélzfé;;;)
umcl ),
(T R e T Rl e Ty %CTQL)T)T
m=5Cr0),
ulf—gg) a8t D (/fgrgz) _ (1M—<§g) ([wﬂ)(ﬁ%mmq + 1)7«

o
([(ﬁ+1)(1—ﬁ O+m<l)r
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(9.1.15)

(9.1.16)

(9.1.17)

(9.1.18)

(9.1.19)

(9.1.20)

(9.1.21)

(9.1.22)

(9.1.23)

(9.1.24)

(9.1.25)

(9.1.26)

(9.1.27)



e pCmB+1)r  M1-B8)+pcal
A-pg "™t Ta-sg ~ a-go

(Au ﬁO+uCa_F1)

A+

pm(¢+1)

< a BO+uCa>
pm(C+1) )

pCm(B+1)r
(1-p9Q)

-89 +aca) (SR +1),

(1-75¢) ( M1-BQ)+uca )
p(B+D(A-BCH+mQ) ),

(9.1.28)

A+ pea +u(B+1)r+

(9.1.29)

9.2 Generating Relations for Generalized Poly-

nomials S\ (z;m)

Let the polynomial S\ (x;m) be defined by equation (9.1.1). Then
First General Result:-

o0

Z{ (A +pn) S<°‘”B)(x;m)t"
o

+(B+1n}"
1 7
= rer {AZ{M(BH)W}%M =50

Second General Result.—

o0

)\—l—,LH’L (,8) ( n. n
Z{a+ 511) }S (x;m)t

1400 [ A umn) (L= O+ pC(B+ Ymn]
‘(1—50{2 fa+ (B+ Dmn} e

o 1 .
;{aﬂﬁﬁ)mn}%xc } (9.2.2)

Third General Result:-

- )\—f—,LL’I'L (a,8) ( n. n
Z{a—l— B+l }Sn (x;m)t
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(140 [~ [ +pmn)(1 =B +u¢Bmn]
<1—5<>{n2 fat+G+lmny  mTOTTHS

=0

[e.e]

Z ' JEOE;J:”T)L) " g‘m”} (9.2.3)

= A+ pun) o ' .
Z {a+ (B+1)n} Sﬁ‘ 7 (w5 m)t

"

_ 140" [SNRO=50 +p¢ (5 + Dmal
- fa+ (3 + mn}

= pCat+pu(l=pmn] ..
nz_% {a+ (B+1)mn} LR } (924)

Fifth General Result:-

o0

(A4 pn) (@8) (.. "
Z{a—i— G+1) }Sn (x;m)t

_(1+9" i[(AﬂLumn)(l—BC)JrﬂCmn]
(1-60) | & {a+(B+1)mn}

wCa+puBCmn] .,
;{Oz—i-(ﬁ—l—l)mn}%agC } (9:2.5)

Sixth General Result:-

,yn xn Cmn+

o

)\‘i‘ﬂ/n (,B8) (. n
Z{a—l— G+1) }Sn (x;m)t

(@49 [A (1—6C)+qun e (¢ o+ pmn]
(1= 50 {Z {Oé—i-(ﬁ-i—l)mn} +Z{ + (B4 1)mn}

Yo" "} (9.2.6)

Seventh General Result:- [117, p.391, Q.15 (uii); see also 109, p.331]

o

(A4 pun) (@B) (.. "
Z{a—l— G+1) }S (x;m)t

= (1+0) {Z{(H B Dmmy
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Eighth General Result:-

o0

)\—I—,LH’Z (,8) ( n. n
Z{a—i— Bl }Sn (x;m)t

,_)/n xn CT)’LTL+

_ (149" i A (1= B¢) +pu¢Bmn]
(1—5¢) {a+(8+1)mn}

n=0

S it n1 =5+ ma Cm} (9:28)

~ Aot (B+Dmn}

Ninth General Result:-

o

Z{oz—i— (B+1) n}S (3m)t

_1+0e {Z[A(l—ﬁmucwu(ul)mn

] n  mn
- (1-5¢) {a+ (B+ Dmn} Yn " ¢ } (9.2.9)

where ( is given by

¢=1(1+)P;¢(0)=0 (9.2.10)

provided that each of the series involved is absolutely convergent.

9.2.1 Independent Demonstrations of (9.2.1) to (9.2.9):

Independent Demonstration of (9.2.1):
Using the definition (9.1.1) of S (;m) in left hand side of equation (9.2.1),we

get
R N S T B

! _;){a+(ﬁ+1)n}5" (z3m) ¢
_ i [] A+ pn) T{a+ (B+1)n+ 1} -
_n:0r=0{a+(ﬁ+1>n}r(n_mr+1)F{a+ﬁn+mr+1} Yr

(9.2.11)
Applying summation identity (2.1.10) and then simplifying further, we get

ymr {a+ (B4 1)mr}A+ pn+ pmr)
Z{a—l—mﬂ—irl )r} {Z {a+ (B+1)mr+ (8 + 1)n}
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(a+ (8 + ymr + (8 + 1>n)tn} (9.2.12)

n

Now using first modified Gould’s identity (2.1.7) with conditions (9.2.10),we get

N et (B Dm\] g (O
. _(“O;{”{” -89 H fa+m(B+ 1))

(9.2.13)
Changing the summation index from r to n and after solving it further,we get
the general result (9.2.1) subject to the conditions (9.2.10).
Independent Demonstration of (9.2.7):
Using the definition (9.1.1) of SieP) (x;m) in left hand side of equation (9.2.7),we

get
sk - (A—f-/,LTL) () ( e n
Q —ngo{ B+ 1n }S (x;m) t

(A+pun) M{a+ (B+1)n+ 1}
{a+@B+1)n} T'(n—mr+1) IN{a+ S n+mr+1}

Yt
(9.2.14)
Applying summation identity (2.1.10) and then simplifying further, we get

03 e (1 {i {0+ (8 -+ Dmr} (A + pun + i)

—f{at+m(B+r; |z {a+ B+ 1mr+ (6 +1)n}
<oz +(B+1)mr+ (8 + 1)n) t”} (9.2.15)

Now using first modified Gould’s identity (2.1.7) with conditions (9.2.10),we get

o o - puca pC(B + mr} ¥ " (O™
= 102 e {55 e

(9.2.16)

Changing the summation index from r to n and after solving it further,we get
the general result (9.2.7) subject to the conditions (9.2.10).

Independent Demonstration of (9.2.9):

Using the definition (9.1.1) of SieP) (x;m) in left hand side of equation (9.2.9),we

get
0 )\~|—;m (,B8) (.. n
E {oz+ 5+1) }S (x;m) t
= & (A+ ) Ta + (B4 Dn + 1) .
z%z; +n}T'(n—mr+1) IM'{a+ B n+mr+1} Tt

(9.2.17)
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Applying summation identity (2.1.10) and then simplifying further, we get
Z Z{a—l— (B+ D)ymr} A+ pn + pmr)
{a+m6+ {a+ (B8+1)mr+ (B + 1)n}

(m (B +)mr + (B + 1)n)tn} (9.2.18)

n

Now using first modified Gould’s identity (2.1.7) with conditions (9.2.10),we get

wrm s 2 Pradsg ) e ] @

(9.2.19)
Changing the summation index from r to n and after solving it further,we get
the general result (9.2.9) subject to the conditions (9.2.10).

Proceeding in the similar way, we can derive the remaining six results from (9.2.2)

0 (9.2.6) and (9.2.8).

9.3 Generating Relations For Another Gener-

(aaﬁ)(

alized Polynomials T}, " (z;m, A\, p)

Let the polynomial T4 (2 m, A, ;1) be given by (9.1.2). Then

First General Result:-

o

Aﬂm o, n

1 n rmn 1
= aes {AZ{MWDW}% N Te

n=0

{a—ir (B4 1)mn}

Second General Result:-

o0

(A4 pn)
TP (2 m, N, p)t"
Z{O{+ ﬁ"‘ n} n (‘/L‘ama 7[1’)

_ <1+c>a) {Z[{A (B + )b = O + (B + mnl

TS {a+ B+ ymn} o
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C 1 n mn
+uCar ; W ¢ } (9.3.2)

Third General Result:-

o0

A+un
T (zm, X, p)t™

_ 1+ A +pB+D)n}(1 =60 +plBmn] .,
‘<1—/3c>{2 fa+ 8+ Dmn} e

oo

Z rr JEOZ;:@ 3‘7)% " (m"} (9.3.3)

Fourth General Result:-

o0

A+un
TP (2, A, p)t”

:M Z A1 =B + u¢ (B+ 1) mn]
(1= 5¢) {a+ B+ Lymn}

~uCa+p(1=B0)B+)n]
nz; ot (Bt Dmnd Yo " C } (9.3.4)

Fifth General Result:-

o0

A+ pun) o
Z{a BT (i m, A\ o)t

+(B+1)n} "
_ gj?@ {Z (8 +u(ﬂ{zﬁ&}ill—)n/j?;ucmn]wncmu
Z {;ﬁ 2?522}}% " Cm”} (9.3.5)
Sixth General Result:-
S T s
A e e
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i[u<a+u<ﬂ+1><1—6<>n+u<ﬂmn1wn<mn} 93.6)

{a+ (B+1)mn}

" m"} (9.3.7)

Eighth General Result:-

o

(A
Y G (o D e

_ 040 [P0 +puCAmnl
(1-50) {a+ B+ mn)

" (I

n=0
; {a+ (B+1)mn} LA } (9:38)
Ninth General Result:-
00 )\—Hﬂl (@,B) [ . n
Z{a+ ﬁ‘i‘ n}Tn (l‘,m,)\,ﬂ,)t
_(1—64),;{ fa+ (B+ Dymn} e
(9.3.9)

where ( is given by (9.2.10):
C=t{1+QP5¢(0) =0

provided that each of the series involved is absolutely convergent.

9.3.1 Independent Demonstrations of (9.3.1) to (9.3.9):

Independent Demonstrations of (9.3.1):

Using the definition (9.1.2) of T™” (z: m, A, z1) in left hand side of equation (9.3.1),we

get

(A —|— ,un
O — T(a,ﬁ) . A "
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(]

-3

n=0 r=

L i

Applying summation identity (2.1.10) and then simplifying further, we get

} 2"t (9.3.10)

)™ lat (B+DmrH{A+pn+p (8 +1)r}
& Z{aerBJr )r} {Z {a+ B+ )mr+ (8 +1)n}

(04—0— (B+1)ymr+ (8 + l)n)tn} (9.3.11)
n
Now using second modified Gould’s identity (2.1.8) with conditions (9.2.10),we
get
& 1
0 — ( HCQZ{H{ B+ 1) +uC{aa(_ﬁﬁ+o)mr}H.
r=0

e (O™
H{a+m(B+1)r}

Changing the summation index from r to n and after solving it further,we get

(9.3.12)

the general result (9.3.1) subject to the conditions (9.2.10).

Independent Demonstration of (9.3.7):

Using the definition (9.1.2) of TP (x;m, A, u) in left hand side of equation (9.3.7),we

get

(A + pn)
Qr* §j TP (z3m, N, ) "
“{a+(B+1)n} " (3m. A 1)

(]

n=0 r=0

R

Applying summation identity (2.1.10) and then simplifying further, we get
{a+m6+ )r} {a+ ﬂ+1)mr+(ﬁ+1)n}

(a+ (B+ Lymr + (6 + D”)t”} (9.3.14)

n

} vt (9.3.13)

Now using second modified Gould’s identity (2.1.8) with conditions (9.2.10),we

get
Q***_ 1+<QZ|:{>\+M 6+1>T}+{ MC(Y _i_:ug(ﬁ_l_l)mr}}} ]
r=0

(1=5¢) (1—5¢)

Y " (O)™"
{a+m(B+1)r}

Changing the summation index from r to n and after solving it further,we get

(9.3.15)

the general result (9.3.7) subject to the conditions (9.2.10).
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Independent Demonstration of (9.3.9):
Using the definition (9.1.2) of Téa’ﬁ)(:c; m, A, p) in left hand side of equation (9.3.9),we
get

(A + pn)
O — T(a,ﬁ) . A n
Z{Q—F 6_{_1 } n (ZE,TI’L, 7”)

(7]

-3

n=0 r=

(e

Applying summation identity (2.1.10) and then simplifying further, we get

s a+ (B8+ DmrH{A n b+1
@ Z{a—i—mﬁ—i— {Z{ +{ozi ﬂ+i;{m:f(ﬂ+fl<)n; .

} Yo" t"  (9.3.16)

(a + (B + 1)7:17" + (B + 1)n) t”} (9.3.17)
Now using second modified Gould’s identity (2.1.8) with conditions (9.2.10),we
get
- e pGal u¢(B + 1)mr} H
o =03 |{ar g b e

r=0

v x” (O™
{a+m(B+ 1)r}

Changing the summation index from r to n and after solving it further,we get

(9.3.18)

the general result (9.3.9) subject to the conditions (9.2.10).
Proceeding in the similar way, we can derive the remaining six results from (9.3.2)
0 (9.3.6) and (9.3.8).
In the definitions of generalized polynomials given by S{*” (x;m) and T, () (z;m, A\, 1),
putting

_ (=)™ (ar)r - (ap)y
R R (S WP I

we obtain Srivastava’s generalized hypergeometric polynomials of one variable

aies )(:c m) and Pathan’s generalized hypergeometric polynomials of one vari-

able e%’r(f’ﬂ)(x; m, \, i) respectively.
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9.4 Generating Relations Involving Hypergeo-

metric Polynomials H.""’ )(x; m)

Setting 7, = (_1(377;)"(@1(){)2).;%)717 in section 9.2, we get the following generating

relations. If any values of variables and parameters leading to the results which
do not make sense, are tacitly excluded, then

First Generating Relation: [see eq. (4.2.1)]

(A + pn)
H(a75) . tn
Z{Oz—l— (B+1n} " (x3m)

o A %7 (CL ) ; m
= (14O 4= paFy | "V a(=()
L+ o5 ()

LonC mr (0), 1+ sy 2= (9.4.1)

F,
1_ p+2Lq+2 ot
(1-=5¢) 1+ ey (o) s

Second Generating Relation:

)\—l—/m
H(avﬁ) . tn

A ma ,1_’_;\1(1—,8()’@); -
=(1+0)% 4 7 praFor (o T 2 (=)

a A(1-B89) .
Lt s maarg (Ba);

b R | O o 9.42)
(1=50) e+ L (0):

Third Generating Relation:

(e 9]

(A + un)
H(avﬂ) . tn
Z{a—l— (B+1n} " (z3m)
A 1+ 2029 (a,);
= (1 + C)a a p+2Fq+2 (B+1)a ,\(1—#50 ' x(-()m
1+ m(B+1)’ mp ’(bQ);
/JJC mL’ m +1 ( ) m
+(1 _ ﬁC)P-&-Z (B+1) o $(—C) (943)
(B"!‘U + 17 m’ (bq) ;
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Fourth Generating Relation:

(A + ,Lm
H(aﬂ) . n

A A+ AUl (a));
= (L0 5 re2fus AT HAIEDT T (=)

o A(1-B¢) .
1+ m(B+1)? mul(B+1)’ (bq))

S G EE m(l BC) +1,(ap); z(=O)™ (9.4.4)

pr2F
=50 wm L i ()

Fifth Generating Relation:

(A
Z <7 L) o (a:m) 1
(6]

+(@B+1n} "
A a1+ m/\(l:ﬁé) (ay): -
= (140" = praFyen | W00 IO T (=)
(0% 1_'_ e (1-89) (b )
m(B+1)> mp(1-B¢+()7 \79/0
+(1 _ 5C)p+2 (BJFI) 5 (I?(—C) (945)
m +1, m—g, (bq) ;

Sixth Generating Relation:

)\—l—,un
H(Oéﬂ) . n

A 1+ 20229 (a,);
=@+0)" 5 prefare RGa A(1—Nﬁ<<) TTa(=Q"
L+ i Tmnc o (B
o al
+( BC)IH—Q m(f+1) ue :L‘<—C) (946)
TGSV (bq) ;

Seventh Generating Relation: [see 117, Q.16 and 109, p. 332][eq.(3.2.1)]

Z {a (A + pn) HeP (zim) 1" = (1 + Q)~.

+(B+1np "
i L s (@) :
g 2l g0 m(ﬁ+1)a W;M (ap) $(_C)m + (1 ﬁgﬁc)PFq (ap) w(—C)m
L+ ooy o (0a); (bg) ;
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Eighth Generating Relation:

(A + pn)
H(aﬁ) g
Z{a+ CESTRCAE

o A m 3 ’1+ A?Ezl_ﬁo’(a )’ m
= (1 + C) a p+2Fq+2 (5+1) re s ' x(—()

o A(1-B8¢) .
L+ 5570 “mcs o (o)

N e FGES IR ,8<+<) +1,(a); (=)™ (9.4.8)

(1 ﬂC)p+2 41,

W (AFD m (L —/s<+<>  (bg) 5

Ninth Generating Relation:[see eq.(2.2.1)]

o0

(A + pn) o
Z{a+ T gay i mm) ¢ = (140"
o A (1=BQ)+pCo .
ML= BQ) +pca] e Lt T @)
a(l = B¢) pratass 14+ —© A (1=BO)+uca (by); (=0
m(B+1)?  mp(l+¢) 2NN
(9.4.9)

where
¢=t1+)"¢(0)=0
provided that involved series on both sides are absolutely convergent.
Here Srivastava’s generalized hypergeometric polynomials H*” (x;m) [17,p.360,
eq.(7.3.3)] are given by equation (2.2.2).
Independent Demonstration:
Using the definition (2.2.2) of = (x;m) and then the power series form of
pimFyim[2] in left hand side of equation (9.4.2),we get

(A4 pun) aB) N m (A4 pn) I'{a+ (B + 1)n+ 1}
€= Z{a+ (B+1) }H’(‘ ?a;m) ¢ _Z{a+(ﬂ+1)n}r(n+1)F{a+ﬂn+1}'

o () feee

7j=1

v ﬁ (1+a+n6+] —1> (b)), !

Jj=1 r

Using Gauss’s multiplication theorem (2.1.9) in above equation, we get

A+ pm) (=1)mr (On(srny [(ap)]r 2" 17
a(a+1)us (L4+a+nb)m [(by)] r! n!

(9.4.10)
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Now applying summation identity (2.1.10) and then simplifying further, we get

o Z iy ()l (SO S ot 5+ Dimr} O+ o+ pusnr)

(@4 Dm@+r [(0)]r 71 2= {a+ (B+ 1)mr+ (8 4+ 1)n}

‘<a+(ﬁ+1)7r;r+(ﬂ —i—l)n)tn (0.4.11)
Now using first modified Gould’s identity (2.1.7),we get
o S () m(s+1)r [(ap)]r 2" (=)™ m(B+1)r
Q=(1 1
LD D TR () R
peo (B + Lymr
. {m + ()\ + pnmnr + W)} (9.4.12)
Simplifying it further, we get
> ( (5+1)) [(ap)] x” ( C)mr
Q=1 « .
O i + 1 [0 7
(“m 0o (9.4.13)

A(1-5¢) 1 — ﬁ
(u m(14C) ) ” ( <)
After solving it further,we get the result (9.4.2) in the form of sum of two general-
ized hypergeometric functions of one variable. We can obtain the remaining five

generating relations from (9.4.3) to (9.4.6) and (9.4.8)following the same proce-

dure and taking different combinations of terms of |\ + pmr + ( ) + ‘(LCB m)r + ("IC TZZ)]
Derivations of (9.4.1), (9.4.7) and (9.4.9) are already mentioned in chapters 4, 3, 2

respectively.

9.5 Generating Relations Involving Hypergeo-

metric Polynomials B (x;m, A\, 1)

Setting 7, = (_l()m(fl()bz)';%)"

relations. If any values of variables and parameters leading to the results which

, in section 9.3, we get the following generating

do not make sense, are tacitly excluded, then

First Generating Relation:|[see eq.(4.2.7)]

(A + pn) o " o ) A e (@) m
Z . Gy 2 @m0 = (40" ¢ SpnFy | "D a(=0)
{a+ B+ 1n} @ 1+ 5y ()
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a Ca .
H’C ’ ml— + 1’ (G )’ m
v MR m(B+1) (B+1)(1+m¢—5C) P (=) (9.5.1)
(1—-5¢) ;41

Ca :
(B+1 7 (B+1)(1+mC=BC)” (by);

Second Generating Relation:

o0

(A + pm) a n
Z{a+ D) }%3 Da;m, A, p) t

A 14 ) (q,); .
=(1+¢) p pi2Fyio (B+1) #(B+1)(1=B¢+m () 2(—()

A(1-89) .
1+ m(ﬁ-i-l)’ w(B+1)(1—B¢+m )’ (bq)v

I8

T ke | T gy 952)

(6+1) +1 (b );

_|_

Third Generating Relation:
(A + pn) (@.8)
Z . Ta BB (zym, N\, p) 7

+ (8 + D)n}
-1 a2t (6+1) u[6+1+ﬁc(m B \)s o am
(L+Q)" o el s A(L=5Q) (b ) 2(=()
m(ﬁ+1)’u[ﬂ+1+ﬁ<(m =]’

8 (5+1)7m+1( )

+ = pralyte
(1-50) e 15 (h):

o(—¢)™ (9.5.3)

Fourth Generating Relation:

A+un o n

A 14 20 (a);
=1+ ap+2Fq+2 G’ OB SR (=)™

a A(1-5¢) .
L+ S wmearn (ba);

o ag .
(5T (1= +1,(ap);
S , | "D T=FO @D z(=C)™ (9.5.4)

MR
1 — p+24 g+ )
(1=6¢) rrrsyiRa S vy rmy M CHE

Fifth Generating Relation:

o0

(A + pn) o
Z{a+ 5+1) }%( B (zym, N, p) "
A(1-p¢) .
=(1+¢)” §p+2Fq+2 (5+1)’ 1+ u{(ﬁ+l)(1 BC)+m<}’( ap); (=)™
(5+1) u{(BH)(lfBCHmC}’ 1/
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C m 2 7mL + 1 (a’ )’ m
e T 5 ek s T g (9.5.5)
e + 1w (0);
Sixth Generating Relation:
(A + pn)
@(aﬂ) Y
Z o (g Ty 2 ) ¢
A 1+ 20229 (ay); .
=(1+¢)" ap+2Fq+2 Rl pme TP (=)

o A1=BO (g .
L+ 56 umo - (0a);
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+ W 242

a (o :
m(B+1) (B (-BO+AmcY L (a); (=)™ (9.5.6)

Ca .
(B+1) +1 {(B+1)(1-BO)+Bm ()}’ (bq),

Seventh Generating Relation: [see 117, p.391, Q.16; see also 109, p.332][eq.(3.2.7)]

)\

A 1+ ,(ap); . e (ap); .

o prefar e L ey (=)™ | + 1=50 oFy |7 a(=0)

L+ ot wrm» (B (ba);
(9.5.7)
Eighth Generating Relation:
- (A + pn)
BB (x:m, A, ) t°
Zm o ey 2 m )
\ | 42080 (43,
= (1 + C)C“ aer2AFq+2 (5+1) uwBm(¢ ( p) (_C)m

o A0-BO 1.
L+ 5rm) wBmo - (0a);

e (a .
+ 1 ucﬁg) 2k m(B+1)’ {(ﬁ+1)<1—ﬁo?m<} 1 (ap); (=)™ (9.5.8)
men T L Enasorme (0
Ninth Generating Relation:[see eq.(2.2.7)]
Z O I0) g0 (5, A, 1) £ = (1+ )
{a+ /8+1 } n 7 ) )
A (1-B0) +uta .
A~ 6Q) + pca miary Lt wma-germey (@)
' a(1—f¢) rrabars o A(1=0)+ta z(=¢)
L+ i waema-sermo (0a); @59
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where
¢ =t(1+¢)"%¢(0) =0.

provided that involved series on both sides are absolutely convergent.
Here Pathan’s generalized Hypergeometric polynomials B (x;m, \, u) are given
by equation (2.2.8).

Independent Demonstration:

Using the definition (2.2.8) of %’,(La’ﬂ)(:c; m, A\, ) and then the power series form of
pim+1Fg+ms1][2] in left hand side of equation (9.5.2),using Gauss’s multiplication
theorem (2.1.9) and result (9.1.5),we get

(A4 pn) o n
Z{O&—i— 5_|_1 }‘%7(1 ’6)('x;m7)\wu)t =

A+ gnt (B + 1r — pmr] (~n)my T+ n(8+ D) [(ap)], " 17
MNa+ng+1+mr} [(by)], r! n!

(9.5.10)
Now applying summation identity (2.1.10) in above equation then simplifying

further, we get

o a2 (=" {o+ (B+ Dmry (A + pn + (B + Dr)
L _Z[a—i—m(ﬂ—l—l ] [(by) T'Z {a+ (B+1)mr+ (8 +1)n} '

'<oz+ B+ 1)77;“—#— (B + 1)n)tn (9.5.11)
Now using second modified Gould’s identity (2.1.8),we get
o N (=)™ (14 ¢)mehr
=(1+0) Tz: by) {a+m(ﬁ+1)r}r'
po pC(B+ )mr

Now using equations (9.1.6) and (9.1.10) in above equation, then summing it up
into hypergeometric form further, we get the desired result (9.5.2).

We can obtain the remaining five generating relations from (9.5.3) to (9.5.6) and
(9.5.8)following the same procedure and taking different combinations of terms
of (AN A28 4 (B +1)r 4 LBmr 4 semr ] Derivations of (9.5.1), (9.5.7) and

(1-80) (1-80) (1-80)
(9.5.9) are already mentioned in chapters 4, 3, 2 respectively.

Kokoskoskokosk sk okoskosk
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I hope that the investigations carried over in the present thesis on multiple hy-
pergeometric series are of some interest and will provide insight into the structure
of special functions in general and hypergeometric series and functions in par-
ticular and would motivate further research. It has been our aim to derive new
results and to show that there is a fruitful interaction and connection between
the hypergeometric functions of different types and phenomena nature. At the
same time, we demonstrate that multiple hypergeometric series possesses a spe-
cial character and has particular applications, which clearly makes it not merely
a subtopic of curious generalization (in the study of hypergeometric series), but

a field in itself.
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