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1 Introduction and Preliminaries

Throughout in the present paper, we use the following standard notations:

N:={1,2,3,...}, Ng:={0,1,2,3,...} =NU{0} and Z~ := {—1,-2,-3,...} = Z;\{0}.

Here, as usual, Z denotes the set of integers, R denotes the set of real numbers, RT
denotes the set of positive real numbers and C denotes the set of complex numbers.
The Pochhammer symbol (or the shifted factorial) (A), (A, v € C) is defined, in terms of

the familiar Gamma function, by

rA+v) |1 (v=10;A € C\{0})
(A = TN (1.1)
AA+1D)...(A+n—-1) (vr=neN;Axe(C)
it being understood conventionally that (0)gp = 1 and assumed tacitly that the Gamma
quotient exists.
In the Gaussian hypergeometric series 2 F (a, b; ¢; z) there are two numerator parameters
a,b and one denominator parameter c¢. A natural generalization of this series is accom-
plished by introducing any arbitrary number of numerator and denominator parameters.

The resulting series
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a1, .., Qp;

PFq ﬁ 6 Zl = ZH% :qu(ala'"aO‘p;Bl)"')Bq;z) (12)
1y g5 n=0 e no

where (\),, is the pochhammer symbol defined by (1.1), is known as the generalized Gauss
series, or simply, the generalized hypergeometric series.Here p and q are positive integers
or zero (interpreting an empty product as 1), and we assume that the variable z, the
numerator parameters oi,...,q, and the denominator parameters 3i,...,8, take

on complex values, provided that

Bi#0,-1,-2,...; j=1,....q (1.3)
Supposing that none of the numerator parameters is zero or a negative integer(otherwise
the question of convergence will not arise), and with the usual restriction (1.3), the ,F,
series in (1.2)
(i) converges for |z| < o0 if p £ ¢
(ii) converges for [z| <1ifp = ¢+ 1 and
(i) diverges for all z, z £ 0, if p > ¢+ 1.

Furthermore, if we set
q P
szﬁj—Zaj. (14)
j=1 j=1

It is known that the ,F, series, with p = ¢+ 1, is

I. absolutely convergent for|z| = 1 if Re (w) > 0,

IT. conditionally convergent for |z|] =1,z # 1, if -1 < Re (w) < 0, and

III. divergent for |z| = 1if Re (w) < —1.

The Jacobi Polynomials of first kind P\*” (z) are defined by [2,p.254 (132.1,132.2,132.3)
p-255 (132.7,132.8,132.9).

n 1y ; —
(1+a) 7 nlt+a+pf+n 1 -z
2

1+« ;
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1+« x4+ 1\" -n,=B-n; xr—1
:( - )n( . > N (1.6)
) 14+ a ;

1" (1 " —n,l4+a+6+n; 1
= Mﬂ:‘l ‘;‘ x (1.7)
" 145 ;
_ (' +at B (x ) o (1.8)
nl(1+a+pB), \ 2 O
1+ B)n (z—1\" e —n 541
_ n'ﬂ) < . ) o g (1.9)
: 1+8 ;
1 " 0" -n,—f—-n; 2
_ (';-04—1—5)2 <x42r ) P |, (1.10)
n!l(1+a+ B)n —a—B—om T
where n is a non-negative integer.
An integral reducible to Beta function [2,p.31Q.No.7]
+1
/ (1—2)P (1 +2)? 'de = 2741 B(p, q) (1.11)
~1
where Re(p) >0, Re(q) > 0.
Gauss summation theorem [2,p.49 Th.18§]
rerec—-A-B)
(A B;C;1) = 1.12
2 1( s Dy Wy ) F(C—A)F(C—B) ( )
where  Re(C—A—-B)>0, and C#0,—-1,-2,-3,...
Saalschiitz’ summation theorem for terminating series [2,p.87 Th.29]
SFo(~N, A, B;C, D; 1) = (&~ AN(C = Bl (1.13)

where (C+D)—(—N+ A+ B)=1, and N is a non-negative integer.
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Two definite integrals of Erdélyi et al.[1,p.284(16.4.1,16.4.3)]

+ 20t (g 4 ) (a+n + Do — B+ 1)
1—2)%(1 o plesB) () dx = 1.14
[0 ay R e = Z IR O P ()
where Re(a) > —1,  Re(o) > —1.
+1 +o+1
20T (p+ 1) (o + 1)
1— 2)°(1 o plasB) () dy =
[ A= aps e e @ = e

x3Fy (—n,a+fB+n+1p+La+1,p+o+2;1) (1.15)

where Re(p) > —1,  Re(o) > —1.

Combinatorial identity

N (e 0, ifn=1,23,...
Z(—l)k<k> = Z( k,)k = (1.16)

k=0 1, if n=0

which can be verified easily and (Z) is binomial coefficient.

An important property of Jacobi polynomials [2,p.258(133.2)]

PT(La, ,B)(:E) = (=1)" Pr(zﬁ’ Oé)(_x) (1.17)
Definite integral property
+1 +1
F(x)dz :/ F(—z)dx (1.18)
-1 ~1
+1
2 Evaluation of the integral / (1—2)"(1+ x)bPrgo"m(x)dx
-1

If any values of parameters leading to the results which do not make sense, are tacitly

excluded, then

+1
/ (1 — 2)%(1 + 2)° PP (2)da
~1
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20K (b + DI (@ +1) (1 +a), —n,a+pf+n+1a+1;
- ' Tlatb+2) * ! (2.1)
v a 1+a, a+b+2;
20T (0 + 1)T(b 1)(1 —n,—=f —n,a+1;
_ (a+DTb+n+ 1)1+ o)y, Fy 1 (2.2)

nl'(a+b+n+2) 14ta —b_n

200K (g + DT(b 4+ 1) (—=1)"(1 + B)n —-n,14+a+B+nb+1;
— T 512 3Fy 1 (2.3)
nitla+o+ 1+ 8, a+bt2
200D (b 4+ DI (a 4+ n + 1)(1 + a + B)an e -n,—a—mn,—a—b—n-—1, .
= 3472
nl(l+a+pB)I'(a+b+n+2) —a—fB—m, Ca—n;
(2.4)
(=) 200+ (1 4+ ), (b+ DI (a+n+1) —n,—a—n,b+1;
= ' 3Fy 1 (2.5)
n! T(a+b+n+2) 148, —a—n:
207 (a + D)T(b+n+ 1)(1 4 a + B)on —n,=f—n,—a—=b-—n-—1;
n! (1+a+8).I(a+b+n+2) —a—fB—om, —b—n;

where Re(a) > —1 , Re(b) > —1.
+1

Proof Applying the definition (1.5)of Jacobi polynomials in the integral / (1—x)*(1+
-1

2)PP\B) (2)dzx, expanding hypergeometric polynomial o F} in series form, interchanging
the order of integration and summation, using the Beta integral (1.11)and then writing
the resulting series in hypergeometric notation, we get result(2.1). Similarly using the
remaining five definitions(1.6), (1.7), (1.8), (1.9) and (1.10) of Jacobi polynomials, we can
evaluate the same integral in the forms of (2.2), (2.3), (2.4), (2.5) and (2.6) respectively.
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3 Main Hypergeometric Transformations

If any values of parameters leading to the results which do not make sense, are tacitly

excluded, then

—n,1+a+pB+n,1+a; )

1+a, a+b+2 ;

1 bn —n,—,B—n,l+a ;
(1+0) P 1 (3.1)
(a+b+2)
n 14+a,-b—n

9

1)1+ B)p —n,1+b1+a+p+mn;
A )1 &ia) ) 3Fy 1 (3.2)
n 1+68,a+b+2 ;
()" +a) (1 + a4+ B+ 2n) —n,—a—n,—a—b—n—1;
= 302
I+a),lA+a+B+n)(at+b+2), Ca—m—a—B—2m :
(3.3)
—1)" —n,—a—n,b+1 :
_ 11) (1—1-5)71;14—2(1)71 3£ 1 (3.4)
(I+a)n(a+b+2), —a—-n,B+1 :
(1+0),I'(1+a+5+2n) e -n,—f—n,—a—b—-n-—1; .
= 3472
1+ a),LA+a+B8+n)(a+b+2), b—n.—a—B—2n :
(3.5)

Proof Comparing the integral (2.1) with the remaining five integrals from (2.2) to (2.6),we
can obtain the above five hypergeometric transformations associated with terminating

Clausen’s series 3f5.

4 Special Cases

It is to be noted that the reciprocal of Gamma of non-positive integers is always zero.
Case (i)

Putting a = a,, b= o in equations (2.1),(2.2),(2.3),(2.4), (2.5),applying Gauss theorem
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(1.12) and putting @ = «a, b = o in equation (2.6), applying Saalschiitz’ summation

theorem (1.13), we get

(1 —2)%1 +2)7 P (2)dx =

+1 2077 (c + I+ n+ 1)I(c — B+ 1) i1
/—1 I'e—p—-—n+DI'(a+o+n+2) n! (4.1)

(Re(a) > =1 , Re(o) > —1)
which is the correct form of the integral (1.14).
Case (ii)
Putting a = p, b = [ in equations (2.1),(2.2),(2.3),(2.4),(2.5), applying Saalschiitz’
summation theorem (1.13) and putting a = p, b = [ in equation (2.6), applying Gauss
theorem (1.12), we get

(1 —2)"(1 + )PP (2)da =

1 n! Tla—p)L'(p+p+n+2) (42)

/“ 2P (p+ DI(B+n+ 1) (a— p+n)

(Re(p) > —1 , Re(B) > 1)
which is the known integral [1,p.284(16.4.2)].
Case (iii)

Putting @ = a and b= (3 in equations (2.1) and (2.4), applying Gauss theorem (1.12) ,

we get
+1 204D (o +n + DB + 1)
— )@ B ple.p) —
/_1 (1= 2)*(L +2)" B (z)de = M) T(a+p+n+2)(1—n) (43)

0, when n=1,2,3,...

2@+ (a+1)D(B+1)
I(a+B+2) J

when n=20
where Re(a) > —1 , Re(f8) > —1.

Case (iv)

Putting a = a , b= f in equation (2.2) and using combinatorial identity (1.16), we get
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+ 20BN (@ +n+ DB+ n+1) o= (—n)k
1 —2)*(1+ z)? PP (2)dx = 4.4
/1( 2"+ 2) P @)de (! T(a+ B +n+2) g% ! (4.4)
0, when n=1,2,3,...
B 2(@+B+D P (q+1)0(B+1 .
F(a5rﬁ+2)) ( ), when n =0
where Re(a) > —1 , Re(8) > —1.
Case (v)
Putting a = p and b = o in equation (2.1), we get
+1
/ (1—2)?(1 + )7 P\ (2)da
-1
20t (p+ DI (o + 1) (1 + ), —n,a+pf+n+1p+1;
L(p+o+2) n! 1+a, pto 42

(Re(p) > —1 , Re(o) > —1)
which is the correct form of the integral (1.15).
Case (vi)

Putting @ = o, b= f in equations (2.3), (2.6) and applying Gauss theorem (1.12) , we

get
! —1)7 9at+p+1)
291 + 2)? PO (g)dy = TV 2T D@ DI+t 1)
Qilu )*(1 4 )7 PP (z)dw = () T(a+ B +n+2)01—n) (4.6)

0, when n=1,2,3,...

200+ B8+ D (a4 DT (B41)

(ot B12) , when n=0

where Re(a) > —1 , Re(B) > —1.
The integral (4.6) can be obtained from the integral (4.3) if we interchange o and § in
equation (4.3), use the property of definite integral (1.18) and a result (1.17) on Jacobi

Polynomials.
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Case (vii)

Putting a = o, b = ( in equation (2.5) and using combinatorial identity (1.16), we get

» —1)7 2@t (a4 n+ DB+ 1+ 1) = (—n)
1 _ « 1 ﬁp(ohﬁ) — ( :
/_1( 2)* (1 + )" PP () da (M)! T(a+B+n+2) kZ:O M
(4.7)
0, when n=1,23,...

20+ B+ (a41)(B+1)

T(a+712) , when n=0

where Re(a) > —1 , Re(8) > —1.

The integral (4.7) can also be obtained from the integral (4.4) using the same technique

as discussed in case (vi).
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